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Abstract— The geometric relationship between the Pi-
curvature tensor and Weyl's projective curvature tensor in
Cartan Finsler spaces is examined in this study. We generate
new identities and establish recurrence conditions
characterizing their interaction in generalized recurrent
Finsler spaces using higher-order Cartan covariant
derivatives. Additionally, we examine related tensorial
structures, such as the scalar curvature, Ricci tensor,
deviation tensor, and torsion tensor, which yield a number of
characterization findings. These discoveries add to a better
understanding of curvature tensor interactions in non-
Riemannian geometric contexts and extend previous findings
in Finsler geometry.

Keywords— Cartan Finsler spaces, Weyl projective
curvature tensor, Pi-curvature tensor, generalized recurrent
spaces, Cartan connection, curvature tensors.
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. Introduction

Riemannian geometry naturally extends to Finsler geometry,
where the metric is dependent on both direction and position.
This framework has garnered significant interest in
contemporary differential geometry and has shown itself to
be wvery useful in characterizing anisotropic geometric
formations ([31], [32] and [36]).

In order to comprehend the intrinsic geometry of Finsler
manifolds, curvature tensors are essential. Weyl's projective
curvature tensor is particularly significant among them
because of its invariance characteristics and function in
describing projective structures. Concurrently, the Pi-
curvature tensor offers further information about the
geometric behavior of Finsler spaces and the tensorial
structures that go along with them ([1], [2] and [3]).

The research of generalized recurring structures in Finsler
geometry has advanced significantly in recent years,
revealing intricate relationships between scalar curvature,
curvature tensors, torsion tensors, and Ricci tensors.
Nevertheless, nothing is known about the geometric
interaction between the Pi-curvature tensor and Weyl's
projective curvature tensor in the context of Cartan Finsler
spaces ([4], [5] and [6]).

Inspired by this gap, this study examines how Weyl and P:
curvature tensors interact in generalized recurrent Cartan
Finsler spaces. We generate new identities and define
recurrence conditions governing their relationship using
higher-order Cartan covariant derivatives. Additionally, we

https://journals.ust.edu/index.php/JST

derive a number of characterization results involving related
tensorial quantities such as scalar curvature, torsion,
deviation, and the Ricci tensor ([7], [8], [9] and [14]).

These results expand on current theories of recurrence in
Finsler spaces and deepen our understanding of curvature
structures in non-Riemannian geometry.

The characteristics of w-curvature tensors and their function
in relativistic spacetimes and general relativity were the
subject of early research ([10], [11], [33], [34] and [35]).
Numerous scholars have examined generalized recurrent
structures and their impact on curvature behavior within the
context of Finsler geometry. Specifically, Al-Qashbari and
associates used Cartan and Berwald covariant derivatives to
construct a series of research addressing generalized
recurrent, birecurrent, and trirecurrent Finsler spaces ([12],
[13], [16] and [17]). In more recent publications, these
analyses have been extended to higher-order curvature
tensors, tensor decompositions, and generalized curvature
relations in Finsler manifolds ([18], [19], [23] and [24]).
Concurrent with these developments, recent research has
emphasized the importance of curvature tensor analysis in
understanding geometric invariants and structural properties
of Finsler spaces ([30], [31], [32] and [35]).

Despite these advances, it is still unclear how Weyl-type
curvature tensors relate geometrically to other curvature
structures in Cartan Finsler spaces. Thus, studying the
interaction between Weyl curvature tensors and -curvature
tensors may lead to a deeper comprehension of curvature
structures and recurrence properties in extended Finsler
spaces ([26], [27], [28] and [29]).

Research Contributions

This paper's primary contributions can be summed up as
follows:

1. Creating new geometric relations in Cartan Finsler spaces
between the Pi-curvature tensor and Weyl's projective
curvature tensor.

2. Determining the sufficient and required requirements for
generalized birecurrent and generalized recurrent structures.
3. Offering characterization theorems involving related
tensors, including scalar curvature, torsion, deviation, and
Ricci tensor.

4. Using higher-order Cartan covariant derivatives to extend
recurrence theory in Finsler geometry.

Il. Preliminaries

The fundamental definitions, notations, and geometric ideas
needed to produce the findings in this study are presented in
this part. We introduce the curvature tensors utilized in the
analysis and provide a brief overview of the basic concepts of
Cartan Finsler geometry [31].
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Let F*(M,F) be an n-dimensional Finsler space with the
Cartan connection. Finsler geometry's regularity and
homogeneity requirements are met by the metric function
F(x,y), which is defined on the tangent bundle TM . ([32] and
[36]).

The torsion tensor, deviation tensor, Ricci tensor, and scalar
curvature are among the geometric tensors that naturally
emerge within this paradigm. In particular, Weyl’s projective
curvature tensor plays an essential role in describing the
projective invariance of the manifold ([15] and [25]).

P, -curvature tensor is another geometric object that captures
specific curvature properties of the Finsler space. These tensors
are related through several differential identities that involve
covariant derivatives defined with respect to Cartan’s
connection ([21] and [22]).

In the following sections, these preliminary definitions will be
used to derive recurrence relations between Weyl’s curvature
tensor and the P, -curvature tensor.

In this section, we provide the necessary conditions and
definitions relevant to the purpose of this paper. Additionally,
the two vectors y; and y* satisfy the following conditions:

a) i ='gijyj . b) yiy'=F?
and ¢) &8fy/ =yk. (2.1)
The quantities g;; and g'/ are related as follows:
, 1, if i=k
gk = gk = ’ ’
a) gl] g 61 {0 , lf i*k

b)gijlh =0 ’ C)gij|h:0 ’ d) Gir ji zgrj ’
and e) g/t = g’t . (2.2)
The h-covariant derivative of second order for an arbitrary
vector field with respect to x* and x/, successively, we get

Xjwyy = 0(Xji) = (Xj )T + (XL

—(9; X|k) Iy (2.3)

The vector y* and metric function F vanish identically under
Cartan's covariant derivative

a) Fj = 0 ,and b) yilh = 0‘ . (2.4)
The tensor W, , the torsion tensor Wy, and the deviation
tensor W-i are defined as follows:

i

Hipgy + —— Y5 i Hien)

; 2 5t
VV]kh Hjjp + —= ( Py

2%
(n+1)

(n Hyp, + Hyj + y"0;Hp,

(n2 1)
- m(n i + Hk]- + Y 0;Hyr) (2.5)
e = Hjik + = (71+1) H[]k]
+2{( 2_7) 5 (nHy yer]r)} , (2.6)
and W = Hf —HOf 5 (OH] —GiH)y' . @7)

respectively.
Additionally, assuming that the tensor W' satisfies the
following identities

aQ) Wiyk=0 , b)Wi=0, c) Wiy, =0,
d) girVle_ rj e) ngk_W
and f) Wy y*=0 . (2.8)

We have the P, -curvature tensor P{jkh , P, -torsion tensor
l’ . -

Pljk , Pi-Ricci tensor Pljk ,

P, -curvature vector P;, , and P; -scalar curvature P;

satisfying:
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Q) P,y =Py, D) i, y*=Pi,
) Piy, d) P, =Py
e) Pi,=P ,and f) g; Pl’jkh = Plrjkh. (2.9)
The Cartan third curvature tensor R}kh , Ricci tensor Ry, , the
vector H,, , and the scalar curvature H are defined as:

a) ky] Hy , b) , C) Ri=R
and d) H,y*=m-1H . (2.10)
Al-Qashbariand AL-ssallal [5], and Al-Qashbari, Haouse and
AL-ssallal [7] introduced and studied generalization of
Weyl's projective curvature tensor in Finsler spaces by: A
Study on generalized
W -recurrent, Birecurrent, and Ricci Tensors using Cartan’s
and Berwald’s first and second order derivatives in Finsler
space which is characterized by the conditions:

enim = AmWiken + Mm(allcgjh - 5;19]'1«)

+ = Ym(Wigjn — Wigpe) - (2.11)
A Finsler space F, , in which the curvature tensor j’}(h
satisfies the condition (2.11), is referred to as the generalized
W,-recurrent space and denoted by G2nd Win- RF, .
By taking the covariant derivative of (2.11), with respect to
x' in the context of Cartan's connection and applying the
relation (2.2b), we obtain:

=P, .

I/le;chlmll = aszjl}ch + by (&icgjh - 5;'191'1()
h . .
+;sz(Wklgjh - Wigjx)
4 . )
+Zym(Wkl|lgjh - Wrﬁzgjk) ) (2.12)

where am; = A+ Andi s by = B + Ay and ¢y =
(Am¥1 + ¥my1) are non-zero covariant tensors field of second
order and 1y, is non-zero covariant victor of first order,
respectively.

Definition 2.1. In Finsler space, which the Wely’s projective
curvature tensor Wjﬁm satisfies the condition (2.12) is called
the generalization generalized W, -birecurrent space and the
tensor will be called a generalization generalized h -
birecurrent space. These space and tensor denote them briefly
by G2"*W,,-BRF, and G*"?h- BR , respectively.

Il. Relationship Between Weyl
Tensors
In this section, we investigate the geometric relationship
between Weyl’s projective curvature tensor and the Pj -
curvature tensor in Cartan Finsler spaces. These tensors
describe fundamental curvature properties of the manifold and
play an important role in understanding its intrinsic geometric
structure.
By applying Cartan’s covariant derivative and using the
identities introduced in the previous section, several relations
between these curvature tensors can be derived. These relations
provide conditions under which the curvature tensors exhibit
generalized recurrent or generalized birecurrent structures.
The obtained identities reveal that the behavior of the P, -
curvature tensor is closely connected to the recurrence
properties of Weyl’s curvature tensor. In particular, the
analysis demonstrates that certain tensorial structures such as
torsion tensors, deviation tensors, Ricci tensors, and scalar
curvature are influenced by these recurrence relations.
These results provide a deeper geometric understanding of
curvature interactions in Cartan Finsler spaces and establish the

and P; -Curvature
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theoretical foundation for the theorems presented in the next
section.

Some properties of le}ch curvature tensor was proposed by
Al-Qashbari, Abdallah and Al-ssallal [8].

Definition 3.1. The space G2ndp1|h is a generalized second-
order P, -type Finsler space characterized by a recurrence
condition along the horizontal distribution hhh. It extends
classical recurrent Finsler spaces by incorporating higher-
order curvature interactions. This structure allows the study
of anisotropic flows and curvature tensor couplings in
complex geometric frameworks.

For (n =4) a Riemannian space, Weyl defined the P, -
curvature tensor Pf}.kh often known as the Weyl P, - curvature

tensor, as
; , 1, .
jlkh = Plljkh - g(aillR]k - gthll()
1, .
By taking the h — covariant derivative of (3.1), with respect
to x™, we obtain:

: ) 1, ;
i _ pi _2(Sip. — 4. pi
jkhim = Pljkh|m o (5hR1k gjnRi )|m

1 . .
+3 (8kRjn — gijh)m : (3.2)
Using (2.2b), in the equation (3.2) can be written as
. ) 1,0 .
1, .
+3 (8kRinm = Gjk Riym ) - 33

By substituting equations (2.11) and (3.1) into (3.3), we
obtain:

Plijkmm - % (Siileklm - gthfélm)
+5 (8% Rinim — 9 Riym)
= APl - gam(a;; Rix — gjnR%)
+§Am(5lic Rin— gjiRL) + ttm(8icgjn — 648k )
+iym(Wkigjh ~Wigjk ) -
The equation (3.4), can be expressed as:
Plijkh|m = lmPfjkh + 1 (849 jn — 849k
+ %Vm(Wkigjh - Wigjx )+ %(5;1Rjk|m - gthlidm)
- % (65Rjnm — gijii1|m) - %Am(siilek — gjnRL)

(3.4)

1 ) X
This demonstrates that

Plljkh|m = ){mplljkh + #m(allcgjh - 5rlzgjk)

1 N .

+Zym(Wlégjh - Wigjx ) - (3.6)
If and only if

(865Rjk — 9jnRi )Im = n(85Rjx — gjnRE),
where gjpm =0,
and (8kRjn — gjRp, )Im = Am(8kRin — gpeRL),  (37)

where gjxim = 0.

In conclusion the proof of theorem is completed, we can
determine

Theorem 3.1. In the space GZ“dP1Ih — RF, , the P,-curvature

tensor P{jkhrepresents a generalized recurrent Finsler space,

provided that the condition (3.7) is satisfied.

By transvecting equation (3.5) with y/ and utilizing
equations (2.9a), (2.4b), (2.1a) and (2.10a), we obtain the
following result

https://journals.ust.edu/index.php/JST
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P]l:kh|m = /‘lmplikh + Hm(Sll{yh - S;Lyk)
+ iym(Wkiyh — Wiy ) + %(6;.1Hk|m = YnRim)
- % (6licHh|m - }’kaiqm) - %Am(fsfilHk — nR%)

1 . .
+§Am(6,th — ykRY). (3.8)
This demonstrates that
Pllkh|m = Ampllkh + Hm(6lléyh - 5fllyk)
1 ) )
+ 2 Vm(Wiiyn — Wiy ) - 3.9)
If and only if
(5;1Hk — ynRk )Im = Am(csfllHk — YnRy ):
where yp;, =0,
and (alchh — YiRp )Im = /1m(5liHh — YkRp ), (3.10)

where y;m =0 .
Therefore, the proof of theorem is completed, we can say
Theorem 3.2. In the space GZH“Pllh—RFn , the torsion tensor
P1§(h represents a generalized recurrent Finsler space,
provided that the condition (3.10) is satisfied.
By transvecting equation (3.8) with y* and utilizing
equations (n = 4), (2.9b), (2.4b), (2.1b), (2.8a), (2.1c) and
(2.10d), we obtain the following result
. ) ) , 1 .
1 . . 1, .
+g(35ﬁ1‘1|m - thllqmyk) — 5 (v'Hapm = F*Rhjm)
1 . .
— < Am(384,H — ynRiY")
+ 2 A (v Hy — F2R}) .
This demonstrates that
Pllh|m = Ampllh + .um(ylyh - 6;}.F2)
1 .
= Ym(WiF?) .
If and only if
(381H — yuRiY" ), = Am(381H — yuRiY"),
where (¥, =0,
and (y‘Hh - FZR;l)Im = Am(y'H, — F?R},),
where (y' = F?),, = 0.
Therefore, the proof of theorem is completed, we can say
Theorem 3.3. In the space GZ“G‘Pllh—RFn , the P, - deviation
tensor Plih represents a generalized recurrent Finsler space if
the tensors (38.H — y,RLy*) and (y'H, — F?R},) are
generalized recurrent Finsler spaces.
By contracting the indices i and h in equations (3.5), (3.8),
and (3.11), and utilizing equations (n = 4), (2.2a), (2.1a),
(2.1b), (2.8b), (2.8¢c), (2.8d), (2.10c), (2.10d) and (2.1c), in
conjunction with (2.9¢), (2.9d), and (2.9¢), we obtain the
following result:
1
Pljk|m = Ampljk + (1 - n)/“lm g}k + ZymW]k
1 1
+2(n = DRjkjm — g(ijm — gjxRim)
1 1
—=(n = DAnRjk + ;A (Rjx = gjiR) -
This demonstrates that
1
If and only if
Rjkim = AmRjk
and (R]k — ngR)lm = Am(Rjk — ngR) ,
where  gjxm = 0.

(3.11)

(3.12)

(3.13)

(3.14)

(3.16)
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and P1k|m = APy, + (1 — )y, yi
1 i 1
+2 (nHypm — yiRllqm) -3 (Hijm — YiRpm)
1 i 1
== m(nHi = YiR}.) + 5 Am(Hi = %iR)
This demonstrates that

P1k|m = )lmplk + (1 - n)/'lm yk . (318)

If and only if
i 1 i

(nHy - yiRi )Im = > Am(nH, — ¥R} ),
where  y;, =0
and (Hy — yiR)pm = Am(Hx — Y R),
where  yim = 0. (3.19)
In the last

Py, = APy + (1= 1) i F?

+= (3nHim — YiRlymy*) = 3 (3Him — F2Rpm)

—%Am(SnH — yRLy¥) + %Am(3H —F2R).  (3.20)
This demonstrates that

Py, =AnP1 + (1 —n)u,, F?. (3.21)
If and only if

(3nH = yiRiy"®),,, = Am(3nH — yiRLY"),
where (y;y")jm =0,
and (3H — F?R);, = 1,(3H — F?R), (3.22)

where Fj, = 0.
In conclusion the proof of theorem is completed, we can
say
Theorem 3.4. In the space GZ“C‘Pllh-RFn , the P, -Ricci tensor
P1,-k , the P, -vector P;, and the P; -scalar P; are defined in
equations (3.15), (3.18), and (3.21), respectively, if and only
if the conditions in equations (3.16), (3.19), and (3.22) are
satisfied.
By transvecting equation (3.5) with g; and utilizing
equations (2.2d), (2.2b), (2.8d), and (2.9f), we obtain the
following result
Pl‘rjkh|‘m = lmplrjkh + ﬁum(grkgjh - grhgjk)
1
+ ZVm(ergjh — Wyn8jk)
1
+=(grnRikimit = 9jnRrichmi1)

1 1
— 5 (GreRinmi = GjkRenimit) = 5 Am (GrnRix = gjnRric)

1
+3 Am(9riRin — GjxRrn) - (3.23)
This demonstrates that
Py inim = AmPrjn + Bm(Gricdjn = Grnj)
1
+;Vm(ergjh —WynGji) - (3.24)

If and only if

(gthjk - gthrk)lm = Am(gthjk - gthrk) )
where gjpm =0,
and (grkth - gijrh)lm = Am(grkth - gijrh) . (325)
Therefore, the proof of theorem is completed, we can say
Theorem 3.5. In the space GzndPllh—RFn, the associate tensor
Plrjkh represents a generalized recurrent Finsler space if the

condition in equation (3.25) is satisfied.
We introduce a new class of Finsler spaces, namely,
generalized-Pllh—birecurrent spaces. These spaces extend the

concept of birecurrence to a broader context and exhibit
interesting geometric properties. In this study, we analyze the
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curvature tensor of these spaces and establish several
characterization theorems. Specifically, we define |m]l as
the covariant derivative of second order.

By taking the h-covariant derivative of equation (3.1) with
respect to x™ and x!, respectively, we obtain the following
result.

. . 1, .
entmit = Py — 5 (OhRj = 9jnRi)
1, )
+§(5,§th - gij;l)lm“ . (3.26)
Using equation (2.2b), equation (3.26) can be rewritten as
follows

Im|l

. , L .
i _ pi _ = Ip. — . L
enmit = Pl iy — = (GhRjkimit = 9jnRicpmpr)

+§(6llchh|m|l - gij;umu) .
(3.27)
Similarly, by applying equations (2.12) and (3.1) in (3.27),
we obtain the result

Pl it ~ é(‘gﬁRijlz = 9jnRicm1)
+3 (8% Rinymit = G Rhympr) = @miPLy,
_%aml (8kRjk — gjnRic) + %aml(6lith — gjkR})
+ b (8Egn — SLgji) + %le(Wkigjh - Wigjx)
+iym(wki|lgjh - W}iugjk) .

Alternatively, this can be expressed as:

Plljkhlmll = amlplijkh + by (5Iicgjh - 6;.1917(,)

1 . .
+Zcml(Wkngh ~ Wiigji)
{ . ) L .
+ ;Vm(Wklugjh — Whngji) + - (8hRjkimit — GjnRhpmit)
o ) A . .
-3 (8kRinmit — 9jiRhjmy) + p! (81 Ry — gjnRL)

1 . .
+3 (6kRin — gR}) - (3.28)
This demonstrates that
Pfjkhlmll = amlP{jkh + bml(5llcg]h - Sllig]k)
I . .
+;sz(Wklgjh —Wigjk)
| . .
+Zym(Wkl|lgjh - Windix) - (3.29)
If and only if
(8hRjx = gthIL()Im” = a1 (85 Rk — gjnRi) |
where Gjnmit = 0, ' . .
and (8, Rjn — gij;l)lm” = a1 (8kRjn — 9jkRh),
where gjxm; =0 . (3.30)

In conclusion the proof of theorem is completed, we can
determine

Theorem 3.6. In the space GZ“C‘P1|h — BRF,, the P, -
curvature tensor Plijkh defines a generalized birecurrent Finsler

space if and only if the condition in equation (3.30) is satisfied.
By transvecting condition (3.28) with y/, and utilizing
equations (2.9a), (2.4b), (2.1a) and (2.10a), we obtain the
following result.

P1ikh|m|l = anuPi,, + bou(Skyn — 8iyic)

+%le(Wkiyh — Wyyi) + %Ym(Wlillyh ~ Wiv)

+ % (8 Hyepmyt — Y Riymy1) — % (8kHnjmit = YieRhjmy1)

— = @y (S Hye = YRE) + 5 @ (SkHy, — YiRE) . (3.31)
This demonstrates that

P1ikh|m|l = apuPi,, + bou(Skyn — 8iyic)
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+ %le(WkiYh — Wiivk)

+%Vm(Wki|lyh ~ Wayvi) - (3.32)
If and only if

(81Hy — J’thic)lm” = apy (8} He — ynRE)
where Yy =0,
and (5liHh - Yeril)lmll = aml(aliHh - Yeril) ; (3.33)

where Yy = 0 .
Therefore, the proof of theorem is completed, we can say
Theorem 3.7. In the space G*"*P,, —BRF,, the h -
covariant derivative of second-order for the torsion
tensor Plikh defines a generalized birecurrent Finsler
space if and only if the condition in equation (3.33) is
satisfied.
By transvecting condition (3.31) with y*, and applying
(n = 4), along with equations (2.9b), (2.4b), (2.1b), (2.8a),
(2.1c), and (2.10d), we obtain the following result.
Pllh|m|l = amlpih + bml(ylyh - é"”1.1'72)
1 i 1 1
=2 et (WiF?) =S YmWy F?
1 . .
+g(35rle|m|z —J’thlqmuyk)
A . 1 . .
_g(ylemu - FZR;1|m|l) - gamz(35rle — YuRLYY)

1 . .
+2am (yH, — F?R}) . (3.34)
This demonstrates that
Pllhlmll = amlpllh + bml(yLYh - 5;11:2)
1 . 1 .
— 2 Cmt(WiF?) =S YW F?. (3.35)

If and only if

(381H = YnRiY" )y, = @i (36, H = yuRiy* )
where (_yhyk)lmll = 0, _ '
and (ylH'h = F?R}) s = @ (Y'Hr — F Ry ) ,
where (y' = F*) ;= 0.
Therefore, the proof of theorem is completed, we can say
Theorem 3.8. In the space Gzndpllh—BRFn, the P, -
deviation tensor P{'h represents a generalized birecurrent
Finsler space if the tensors (36, H — y,R. y*) and (y'H, —
FZR;'l) are generalized birecurrent Finsler spaces.
By contracting the indices i and h in equations (3.28), (3.31),
and (3.34), and utilizing equations (n = 4), (2.2a), (2.1a),
(2.1b), (2.8b), (2.8c), (2.8d), (2.10c), (2.10d) and (2.1c),
along with the relations in equations (2.9c), (2.9d), and (2.9¢),
we obtain the following result.

1
Py = QP + (A =)bymgji + 5 CruWi
1 1
+2 VWi + 2 (0 = DRy
1 1
=5 (Rikmit = gjic Rimit) = % (0 = DamRjx
1
+gaml(R]-k —_ g]kR) .
This demonstrates that
Py = amlpljk +(1- n)bmlgjk
1 1
o omWie + 7 VWi -
If and only if
Rigjmn = GmuRjrc
(Rix — g R )|m|l = am(Rix — gk R) .,
where gjximp =0 .
And

(3.36)

jklm|l

(3.37)

jklmll

(3.38)

(3.39)
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Py = @miPy, + (1= 1) by e
1 i 1
+g(nHk|m|z - yiRIl<|m|l) - g(Hk|m|z = YiRim1 )

_%amz(nHk — yiRi) +§aml(Hk —wR) . (3.40)
This demonstrates that

Py = @miPry + (1 —n)byy yi - (3.41)
If and only if

(nHk L )IMIl = aml(nHk - yiRlic) ,
where y;m; = 0,
and (Hx = YkR)jmi = amu(He — yiR) (3.42)

where Yy = 0.
In the last

Py = @mPy + (1 - )by F?

— > 3nHimpt = ViR y*) = = (BHimit = F*Ripmpt)

+ %aml(3nH — y;RLy*) + é a (3H — F?R) . (3.43)
This demonstrates that

Py = @miPr + (1 =)y F?. (3.44)
If and only if

(3nH - yiR;, yk)|m|l = @ (3nH — yRi y*),
where (%Y )y = 0,
and (3H — F2R) py; = am(3H — F2R) (3.45)

where F,; = 0.

Therefore, the proof of theorem is completed, we can say
Theorem 3.9. In the space GZ’““P1|h — BRF,,, the P, —Ricci
tensor Pl,-k , the P, —vector P;, and the P; —scalar P; are

defined in equations (3.38), (3.41), and (3.44), respectively,
provided that the conditions (3.39), (3.42), and (3.45) are
satisfied.

By transvecting equation (3.28) with g;.and applying
equations (2.2d), (2.2b), (2.8d), and (2.9f), we obtain the
following result:

Plrjkhlmll = amlplrjkh + bml(grkgjh - grhgjk)
1 1
+3 e (WrieGjn = Wengjic) + 5 ¥m(Wern9jn = Wenn9ji))
1
+3 (GrnRicmn — gthrklmll)
1 1
— 5 A (9rnRik — gjnRex) — 3 (9ricRinimit = Gk Rrnpmit)
1
+3 (9riRin = gjicRen) - (3.46)
This demonstrates that
Plrjkhlmll = amlplrjkh + bml (grkgjh - grhgjk)
1
+;sz(er9jh — Wyn8ji)
1
+ZVm(er|lgjh —Wynpdji) -
If and only if
(gthjk - gthrk)
where gjpjm; = 0, and
(9rkRin — 9jk RT“)Imll = i (griRin — Gjx Rvn) - (3.48)
Therefore, the proof of theorem is completed, we can say
Theorem 3.10. In the space Gz“dP1Ih — BRF,,, the associate

(3.47)

=am (grh Rjk - gthrk )l

[m|l

tensor Plrjkh (P, -curvature tensor P{jkh) characterizes a

generalized birecurrent Finsler space, provided that condition
(3.48) is satisfied.
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1VV. Conclusions

This paper investigated the geometric relations between
Weyl’s projective curvature tensor and the

P, -curvature tensor in Cartan Finsler spaces. By employing
higher-order Cartan covariant derivatives, several new
tensorial identities and recurrence relations were derived.
The obtained results provide a unified characterization of
several geometric quantities including torsion tensors,
deviation tensors, Ricci tensors, and scalar curvature. These
findings extend existing results on recurrent structures in
Finsler geometry and highlight deeper interactions between
curvature tensors in generalized recurrent spaces.

All things considered, the research advances differential
geometry theory and offers fresh perspectives on the
curvature tensor structure in Cartan Finsler manifolds.

V. Future Work / Recommendations

These results may be extended to additional types of
curvature tensors in generalized Finsler spaces in future
research. Additionally, more research might look into the
function of higher-order curvature relations in more general
geometric frameworks and how they might relate to
geometric analysis.

References

1. H. Abu-Donia, S. Shenawy, and A. Abdehameed, “The
w*-curvature tensor on relativistic space-times,”
Kyungpook Math. J., vol. 60, no. 1, pp. 185-195, 2020,
doi: 10.5666/KMJ.2020.60.1.185.

2. Z. Ahsan and M. Ali, “Curvature tensor for the spacetime
of general relativity,” Palestine J. Math., vol. 5, no. 1,
pp. 1-15, 2016.

3. Z. Ahsan and M. Ali, “On some properties of the w-
curvature tensor,” Palestine J. Math., vol. 3, no. 1, pp.
61-69, 2014.

4. A.M. A. Al-Qashbari, “On generalized curvature tensors
P]-"kh of second order in Finsler space,” Univ. Aden J. Nat.
Appl. Sci., vol. 24, no. 1, pp. 171-176, 2020.

5. A. M. A. Al-Qashbari, “Recurrence decompositions in
Finsler space,” J. Math. Anal. Model., vol. 1, pp. 77-86,
2020.

6. A. M. A. Al-Qashbari, “Some identities for generalized
curvature tensors in B-recurrent Finsler space,” J. New
Theory, no. 32, pp. 30-39, 2020, doi:
10.17350/HIJNP.2020.178.

7. A. M. Al-Qashbari, A. A. Abdallah, and F. A. Ahmed,
“On generalized birecurrent Finsler space of mixed
covariant derivatives in Cartan sense,” Int. J. Res. Publ.
Rev., vol. 5, no. 8, pp. 2834-2840, 2024, doi:
10.55248/gengpi.5.0824.1843.

8. A. M. Al-Qashbari, A. A. Abdallah, and F. A. Al-ssallal,
“Recurrent  Finsler structures with higher-order
generalizations defined by special curvature tensors,”
Int. J. Adv. Res. Sci. Commun. Technol., vol. 4, no. 1, pp.
68-75, 2024, doi: 10.48175/IJARSCT-15185.

9. A. M. Al-Qashbari, A. A. Abdallah, and S. M. Baleedi,
“Berwald covariant derivative and Lie derivative of
conharmonic curvature tensors in generalized fifth
recurrent Finsler space,” GPH-Int. J. Math., vol. 8, no. 1,
pp. 24-32, 2025.

https://journals.ust.edu/index.php/JST

10

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Al-Qashbari, A. M., et al.
Volume 31, Issue (2), 2026

. A. M. A Al-Qashbari, A. A. Abdallah, and S. M.
Baleedi, “A study of M-projective curvature tensor
/i in GBK-5RF, via Lie derivative,” Int. J. Appl. Sci.
Math. Theory, vol. 11, no. 1, pp. 1-9, 2025.
A. M. Al-Qashbari, M. Haoues, and F. A. Al-ssallal, “A
decomposition analysis of Weyl’s curvature tensor via
Berwald’s first and second-order derivatives in Finsler
spaces,” J. Innov. Appl. Math. Comput. Sci., vol. 4, no.
2, pp. 201-213, 2024, doi: 10.46323/jiamcs. v4i2.215.
A. M. A. Al-Qashbari and W. H. A. Hadi, “Generalized
trirecurrence of Cartan’s second curvature tensor in P"-
recurrent spaces,” J. Sci. Technol., vol. 30, no. 10, pp.
59-65, 2025.
A. M. A. Al-Qashbari and A. O. A. Mubark,
“Decomposition of generalized recurrent tensor fields of
R"-nth order in Finsler manifolds,” J. Sci. Technol., vol.
30, no. 2, pp. 99-105, 2025.
A. M. A. Al-Qashbari and M. M. Qasem,
“Computational extensions of generalized RM-recurrent
Finsler spaces and applications to geometric machine
learning,” J. Sci. Technol., vol. 31, no. 1, pp. 50-57,
2026.
A. M. Al-Qashbari, S. Saleh, and I. Ibedou, “On some
relations of R-projective curvature tensor in recurrent
Finsler space,” J. Non-Linear Model. Anal., vol. 6, no. 4,
pp. 1216-1227, 2024, doi: 10.12150/jnma.2024.1216.
A. M. Al-Qashbari et al., “Investigating the relationships
between Weyl’s and Cartan’s second curvature tensors
in Finsler spaces,” Int. J. Anal. Appl., vol. 24, p. 59,
2026, doi: 10.28924/2291-8639-24-59.
A. M. A. Al-Qashbari and M. M. Q. Husien, “Theoretical
analysis of generalized W”h-birecurrent Finsler spaces
with emphasis on Weyl’s projective curvature and its
relevance to geometric mechanics,” Electron. J. Univ.
Aden Basic Appl. Sci., vol. 6, no. 4, 2025.
W. H. A. Hadi, A. M. A. Al-Qashbari, and A. M. A.
Hanbala, “Generalized H"-recurrent Finsler spaces and
their relations with Berwald and Cartan curvature
tensors,” J. Fac. Educ. Univ. Aden, vol. 19, no. 2, pp.
913-920, 2025.
A. Mandal, M. Yildirim, A. M. A. Al-Qashbari, and M.
N. I. Khan, “Some solitons on anti-invariant
submanifolds of para-Sasakian manifold admitting semi-
symmetric non-metric connection,” J. Fac. Educ. Univ.
Aden, vol. 19, no. 2, pp. 959-968, 2025.
A. M. A. Al-Qashbari and W. H. Al-Arashi,
“Generalized-recurrent ~ Finsler ~ geometry  with
applications to anisotropic image processing,” J. Sci.
Technol., vol. 30, no. 6, 2025.
A. M. A. Al-Qashbari, A. A. Abdallah, and S. M.
Baleedi, “Lie derivative approach to scalar quantities of
tensors in GBK-5 recurrent Finsler space,” Sch. J. Sci.
Technol., vol. 3, no. 6, 2025.

A. M. A. Al-Qashbari and F. A. M. Al-ssallal, “Higher-
order Cartan derivatives and curvature tensor
decomposition in Finsler spaces: Insights into

mathematical and physical applications,” Electron. J.
Univ. Aden Basic Appl. Sci., vol. 6, no. 2, 2025.

A. M. A. Al-Qashbari, N. Munassar, M. F. Abdullah, and
A. S. K. Al-Hurdi, “Enhancing performance through
dynamic AES round keys and adaptive data shifting

Journal of Science
and Technology

https://doi.org/10.20428/jst.v31i2.3750

105


https://doi.org/10.20428/jst.v31i2.3750
https://journals.ust.edu/index.php/JST

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

34.

35.

36.

techniques,” Technol. Appl. Humanit. Acad. J.-
Multidiscip., vol. 2, no. 1, 2025.

A. M. A. Al-Qashbari, A. A. Abdallah, and S. M.
Baleedi, “On concircular vector field and Lie derivative
in generalized fifth recurrent Finsler space,” J. Finsler
Geom. Appl., vol. 6, no. 2, pp. 82-92, 2025.

A. M. A. Al-Qashbari, “Geometric properties and
recurrence conditions in generalized H”v-recurrent
Finsler spaces with applications to differential geometric
modelling,” JEF/J. Educ. Fac., vol. 19, no. 1, pp. 500-
510, 2025.

A. M. A. Al-Qashbari, A. A. Abdallah, and K. S. Nasr,
“On generalized trirecurrent space by using G"-covariant
derivative in Finsler geometry,” J. Math. Probl. Equ.
Stat., vol. 6, no. 1, pp. 91-100, 2025.

A. M. A. Al-Qashbari, A. A. Abdallah, and F. A. Ahmed,
“Generalized tri-recurrent Finsler space under Cartan-
type mixed covariant derivatives,” Int. J. Adv. Res. Sci.
Commun. Technol., 2025, Art. no. 2025.

A. M. A. Al-Qashbari, A. A. Abdallah, S. M. Baleedi, A.
A. Hamoud, et al., “The Kulkarni-Nomizu product in
GBK-5RFn by Lie-derivative,” J. Appl. Pure Math., vol.
7, no. 3-4, pp. 277-291, 2025.

A. M. A. Al-Qashbari, A. A. Abdallah, and F. A. Al-
Ssallal, “Curvature properties and generalizations of W|
h-trirecurrent spaces in Finsler geometry,” Int. J. Res.
Publ. Rev., vol. 6, no. 6, pp. 63416352, 2025.

A. M. A. Al-Qashbari, A. A. Abdallah, and S. M.
Baleedi, ‘“Projective motions in generalized fifth
recurrent Finsler space via Lie derivative of Berwald
covariant tensors,” Int. J. Res. Publ. Rev., vol. 6, no. 4,
pp. 16101-16106, 2025.

H. Rund, The Differential Geometry of Finsler Spaces.
Berlin, Germany: Springer, 1959, doi: 10.1007/978-3-
642-53099-9.

D. Bao, C. Robles, and Z. Shen, “Advances in Finsler
geometry and curvature structures,” Differ. Geom. Appl.,
vol. 92, p. 101846, 2024, doi:
10.1016/j.difge0.2024.101846.

X. Cheng and Z. Shen, “Curvature properties of Finsler
manifolds and geometric applications,” J. Geom. Phys.,
vol. 198, p. 105102, 2024, doi:
10.1016/j.geomphys.2024.105102.

S. Deng and Z. Hou, “Curvature tensors and geometric
invariants in modern Finsler geometry,” Results Math.,
vol. 80, p. 45, 2025, doi: 10.1007/s00025-025-01945-6.
B. Li and X. Mo, “Tensorial structures and curvature
analysis in Finsler manifolds,” Mediterr. J. Math., vol.
21, p. 112, 2024, doi: 10.1007/s00009-024-02412-7.

Z. Shen, “Recent developments in Finsler geometry and
curvature theory,” Int. J. Geom. Methods Mod. Phys.,
vol. 21, no. 5, p. 2450072, 2024, doi:
10.1142/S0219887824500723.

https://journals.ust.edu/index.php/JST  https://doi.org/10.20428/jst.v31i2.3750

Al-Qashbari, A. M., et al.
Volume 31, Issue (2), 2026

Journal of Science
and Technology

106


https://doi.org/10.20428/jst.v31i2.3750
https://journals.ust.edu/index.php/JST

