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Abstract— In the context of affinely connected Finsler
spaces, the theoretical underpinnings of higher-order
recurrent geometric forms are examined in this research.
With a particular focus on Cartan's second curvature tensor

P]-ikh , we examine the necessary and sufficient conditions for

the existence of generalized P! -four-recurrent spaces.
Several theorems governing the behavior of linked curvature
and torsion tensors are derived by using the P"-covariant
derivative of the fourth order. In addition to the mathematical
derivation, the article talks about how these higher-order
structures can be used in nonlinear stability analysis. The
"curvature™ and "recurrence™ characteristics of these spaces,
where non-linear fluctuations and systemic persistence are
common, offer a strong mathematical analogy for simulating
the dynamics of fintech-driven financial stability and the
course of economic recovery.

This paper establishes a mathematical analogy between the
directional curvature of Finsler manifolds and the non-linear
fluctuations in fintech-driven financial systems.

Key words: Generalized P”h-Four-Recurrent Space;
Nonlinear Stability Analysis; h-Covariant Derivative;
Systemic Risk Modeling; Geometric Economics; Higher-
Order Recurrence.

LIST OF SYMBOLS

1) h-C.D.O.: h-covariant derivative of order.
2) P]-"kh : Cartan's second curvature tensor.
3)  gjk - Finsler metric tensor.

4) cn, : Cartan torsion tensor.

. Introduction

The study of recurrent spaces has long been a cornerstone of
differential geometry, offering profound insights into the
intrinsic properties of manifolds. In recent years, the
evolution of Finsler geometry, a generalization of
Riemannian geometry, has provided a more flexible
framework for describing systems where the directional
argument plays a critical role. Among these, affinely
connected Finsler spaces stand out due to their rich geometric
structure and their ability to characterize complex directional
dependencies.

This research focuses on a novel generalization: Generalized
PP -Four-Recurrent Spaces. While traditional recurrence
deals with first or second-order derivatives, higher-order
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recurrence (specifically the fourth order) allows for a more
granular analysis of how geometric properties persist or
dissipate across a manifold.

The motivation for this work is twofold. First, establish a
rigorous mathematical framework for PP -G-FR F,
(Generalized Four-Recurrent Finsler spaces) and prove the
essential theorems regarding their curvature tensors. Second,
to bridge the gap between abstract geometry and economic
modeling. In the context of modern financial ecosystems,
banking stability is no longer a linear phenomenon; it is
"Fintech-driven,” characterized by high-frequency shifts and
non-linear interdependencies. By applying the principles of
higher-order recurrence and stability analysis, we can better
understand the "curvature™ of economic cycles and the
geometric pathways leading to sustainable economic
recovery.

Although recurrent structures of first, second, and third order
have been extensively studied, the fourth-order P" -
recurrence has not been systematically developed for affinely
connected Finsler spaces. This paper fills this gap by
establishing complete necessary and sufficient conditions for
generalized fourth-order recurrence.

Literature Review

Rund (1959) laid the groundwork for Finsler geometry by
offering a rigorous framework for the differential geometry
of Finsler spaces. Higher-order generalizations and
recurrence features in these spaces have received a lot of
scholarly interest in recent years. Recurrent Finsler structures
and the decomposition of curvature tensors have been
thoroughly studied by Al-Qashbari et al. (2024; 2025), with a
particular emphasis on Weyl's and conharmonic curvature
tensors employing Berwald's and Cartan's higher-order
derivatives. Additionally, Al-Qashbari's work (2017; 2019;
2020) has expanded the study of trirecurrent and birecurrent
qualities by introducing new identities for generalized
curvature tensors and analyzing their behavior under different
covariant derivatives.

These ideas have been expanded upon by recent contributions
in 2025, such as the use of Lie derivatives in the analysis of
M-projective curvature tensors and generalized n'-order
recurrent tensor fields (Al-Qashbari et al., 2025). These
developments illustrate the rising complexity of curvature
structures and their breakdown analysis on modern Finsler
manifolds.
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The fast integration of financial technology (FinTech) has
altered the global banking scene, triggering a rise in academic
research regarding its impact on financial stability and risk
management. Recent studies (2025-2026) shift from linear
models to advanced geometric frameworks, with Akcora et
al. (2026) and Dergi (2025) utilizing topological analysis and
Ricci flow to map structural breaks and market manifolds.
Furthermore, Tayebi and Moghaddam (2025) demonstrate
the efficacy of Finsler H-curvature in nonlinear dynamics,
while Wang and Jadbabaie (2025) provide a geometric
perspective on FinTech-driven systemic risk. Together, these
works establish a rigorous mathematical foundation for
assessing banking stability and resilience in modern, digitally
transformed economies.

The following formula defines a P*-recurrent space:

(1.1) P]'lkmg = 2Pjn + 1e( 8k Gjn — 6k Gjx) + Phn #
0,

where |£ represents the covariant derivative, The recurrence
vector field, or 4, , is a non-trivial covariant vector field, and
P, is atensor.

We then presented the notion of P"-birecurrent spaces, which
are defined as follows:

(1.2) lekh|[|m = Qg Py, + bem( Sk 9in—6h Gjk)
Pfin %0

The birecurrence tensor fields, denoted by a,,, and b,,, , are

second-order non- trivial covariant tensor fields.

The vectors y/ and y; have an identical vanishing covariant
derivative, meaning that the vectors y; and SL fulfill the
following. The tensor g, and the associated tensor g*" are
covariant constants.

(13) @) gy =0 and b) gi"=0

(14) Jir grh = 5,? =
{ 1 if k=h ,

0 if k#h
(15) a) y,=0 and b)) Yjm=0
(1-6) a) Yj yj =F? and b) amyn = an Ym =
gmn . . )
(1.7) a) 8yl =y and b)) 6, Y= Vm

(18) a)éTg¥=g™ and
(1.9) a) 61" Yjm = Gjn and
This tensor satisfies the
homogeneous characteristics.
(1.10) a) Comn Y =Cn Y = Conr " =0 and
b) Chny" =Chy" =0
The hv-curvature tensor, which is positively homogeneous of
degree zero in the directional argument, is described by
Cartan's second curvature tensor.

lekh = ahFj? + lem Pen — lehlk '
or comparable by

Piien = 0nLj + Cjr Cops ¥° — lehlk '

b) 8" &) =6m

b) Gim¥’ = Im -
identities using Euler's on

or

Plien = Cklthlj - gircjkhlr + Ciie Prn — Pjp Crie -
The v(hv)-torsion tensor P}, , the hv-curvature tensor Pj"kh ,
its associated curvature tensor P;jy , and the P-Ricci tensor
P, and tensor P;, satisfy.
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(1_-11) A Piny =P
lekh = ijkh g?

d) Py =P and e) Pi=Pc ., )
Pl y" =P and g Pjikh = a'jplih-
The scalar curvature H can be found using
(1120 H =(1-n)H
The quantities that make up the components of tensors,
H}ip and Hy,, , are defined as follows:
(113) &) Hjy = 0;Gip + Gip G + Gl jGi — 0; Gy —
Ghi Gy — GL; Gr . and

b) Hip, = 0nGi + Gi, Cp — 0 Gl — GJ, Cy .

Additionally, they are connected by
(1.14) 8) Hipny' =Hpn
and c) Hjp=0;Hy
For every given vector X!, the operation of differentiation w.
r. t. x¥ commutes with partial differentiation with respect to
v
(1.15)
(0:X™) P,
The homogeneous functions connected by Euler's theorem
(1.16) a) Hh,y/ =—Hyy/=H} and b)
9np Him = Hipm -
2. Essential and Enough Generalized Conditions to
Determine P®-Recurrent
The necessary and sufficient requirements for detecting P-
recurrent patterns in a generalized setting are examined in this
study. By defining these requirements, we hope to offer a
strict framework for identifying and evaluating P-recurrent
phenomena across a range of fields.
Mathematicians have long explored generalized four-
recurrent affinely connected spaces, a unique kind of
manifold. These areas are employed in many different
applications and have several intriguing characteristics. The
necessary and sufficient conditions for a space to be a
generalized four recurrent affinely connected space will be
covered in this work. We will also talk about a few uses for
these places.
Pi, . the second Cartan's curvature tensor met the

]
requirements for generalized recurrence.

(2.1) Pjikw =2 Pln + 1e(8k gjn — 81, 9jk) + Pln #0

b) gir Pikn = Pijkn » C)

b) Imn erlrclh = Hjnkh

o (xm) =@ xm), +x"(3;T7m) -

The space is known as a generalized P"-recurrent space,
where Il is an h-C.D.O. one w. r. t. x' and A, , u, are non-
zero covariant vector fields.

Additionally, the generalized birecurrence requirement was
satisfied by the curvature tensor Py,

(2.2) [)jlkh|[|m = Qg P, + bem(Sk 9jn — 6k 9ji)
Pjikh #0,

where [llm is an h-C.D.O. two w. r. t. x! and x™, and
a, and B, are non-trivial covariant vector fields. The
space is referred to as a generalized PP-birecurrent space.
Applying (1.5a) after covariantly differentiating (2.2), with
respect to x™ produces

(2-3) lekhlé’lmm = aémnpjlkh + Bfmn( 8}( gjh - 61L1 gjk ) '

Pin #0 .
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In this case, apmn = Apymn + QomAn AN Loy = Qo i +
b y.min @re non-trivial covariant tensor fields of order three,
and 1£1min is a successful h-C.D.O. threew. r.t. x* , x™ and
x™.

Using (1.5a) and covariant differentiation of (2.3), with
regard to x™, we obtain

(2 4) P]Lkh|{’|m|n|r a{’mnrpjikh + B{’mnr (6Iicgjh -
5h9]k) ]kh #0 .

In this instance, the non-trivial covariant tensor fields of rank
four are apmnr = Apmny + Aomedn + QpmAny aNd Bopny =
Apmy Mnm t Qem Unrm + Doimimir The fourth-order h-
covariant derivative with regard to x?, x™, x™and x”, in
that sequence.

The space and tensor that satisfy (2.4) are referred to as the
P"-generalized four recurrent spaces.

In short, we will refer to them as P?-G-FRF,, .

Outcome 2.1. All generalized P"-Fourecurrent spaces are
also generalized ph -Trirecurrent spaces.
Using (1.3a), (1.9a), and (1.11b) to transvect (2.4) by g, , we
obtain

(2 5) Pjskh|€|m|n|r = a#mnrpjskh + ﬁ{’mnr (gksgjh -
ghsg]k) ]rkh #0 .

On the other hand, condition (2.4) is obtained by transvecting
(25) by g* , wusing (1.3a), (1.4), and (1.11c).

Consequently, the following theorem can be stated.
Theorem 2.1. The fourth-order h-covariant derivative of the
associated curvature tensor P;j,, of the curvature tensor Py,

in P'-G-FRF,, , is provided by (2.5).

Using (1.5a), (1.11a), and (1.14a) to transvect (2.4) by y’/, we
obtain

(2-6) Plihlflmlnl‘r al’mnrpklth + ,Bf’mnr (611( Yn — 6;1 yk) .
Using (1.5a), (1.11f), (1.7a), and (1.17a) to transvect (2.6) by
y¥, we obtain

(2-7) P}l”mmmrr a{’mnrpflz + ,Bf’mnr (inh -
As a result, Theorem 2.2 is true.

Theorem 2.2. The h-covariant derivative of 4" order for the
deviation tensor P and the h(v)-torsion tensor P}, in P"-G-
FRF, are given by (2.6) and (2.7), respectively.

Using (1.6b) and (1.119) to differentiate (2.6) with regard to
y/ , we obtain

(2.8) a (Pklthlt’lmlnlr) = (afafmm’) Plfth + Xemnr Pjikh +
(ajﬁfmn‘r)(akyh - 5hyk)

8L F?).

- 5rizgjk) .
khmmm) in (2.8), we obtain

_ a]'(th|{’|m|n)|r + Penjeymm9iTer —
= Psiefmin 0 Thr

+ .Bfmnr(ali(gjh
Using the equ. of (1.15) for (
(2.9)
Psih|{’|m|n3jl—‘l:1€
Pléh|s|m|na Oy — Pzih|z|s|n5.jrﬁfr -
Plih|l|m|sa Tt —a (thlflmln)
= 0 pmnr Pin + Comnr P]kh + 0; Bemnr (Gkyn —

6fil.VR) ) )

+ ﬂ{’mnr (Sligjh - 6;ngk) .
Also, applying the equ. by (1.15) for ( kmmm) in (2.9), we
get
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(2'10) {a (Plihu’lm)}l I + [ khu?lma Fs*;l sh|t’|ma F
ksflma F
khlslma Tiw = O5P PrwemPin Iir + P;hlflmlna I =
Pslhhf’lmlna F
Pkl:slﬁlmlna F Pkl:hlslmlna F;Tt
khlllslna T — PI«LthIlITTLISO Fﬁﬁ
B [{ ( khlflmm)}l + PensermmOsTar =
P{;hlflmlna F*q Pkltqh{’lmlna F*q
PI«LthIqIImma F*q Plfthllllqlna F;iqr -
Plihllllmlqa Lo — aqPI«LthI{’ImPS?l PJtT

. = aJ'a{’,mnrpkh + af’mnTP]'ikh + ajﬁi’mnr (5};3’}1 -
8hyi) + Bemnr (8k9jn = 519 ) -
Again, applying the equ. by (1.15) for ( eh {,) in (2.10), we
get

(2.11) (ajplihu)mmur { khlla Tom = sh|la ks|la
Pinis0iTim
= 5P 1Pl Ynir + [Py 0T = Popy o 9T
kl €|ma
kh|s|ma -4 Plihlt’lm i 1+ Pl(tthlt’lmlna Ior =
shlt’lmlna
ks|£’|mma Tnr kh|s|m|na Ter —
kh|l|sma Lis — Plimlmusa F;{ﬁ
B [{ ( khlt’lmln)}l + Pt im0 Tar —
P;m&mma Loy — Plquf’lmlna Ty
Plihlqllmlna F*q khllllqlna Fonyr —
Plzhllllmlqa F*q aqplihlflmpsqn Pﬁ”

. = aja(t”‘mnrpkh + afmnrpjikh + a.jﬁfmnr (&iyh -
6;13/k) + ﬁfmnr(alitgjh - 5illgjk) . )
Further, applying the equ. by (1.15) for (P},) in (2.11), we
get

212)  OrPin) wpminr + Pin(9T57) = Pon(9Ticl) — Ps (9;T0) —
(a.splih) Pjtl}|m|n|r

mz(a F;erl) shll(a ) kslz(ajri:rtn -
Plihls(ajrl;n — OsPin )P} i

khmm(a Fs*rll ) shmm(a Flzn) ksl#lm(a]'rh*fl
kh|s|m(a Fl )
8 (Plihmm) Py ] + PI:h|€|m|n(ajF;Ti) -
shmmm(a le) kslllmln(a'r‘ftﬁ)
khlslmm(a Lr ) kmusm(ajmltr -
khlllmls(a Tar) — [{6 (Plihlflmln)}l

+ Plfhll’lmm(a F*l)
(a F*q) khlqllmln(a l—‘l

khllllqln(a F*q) khllllmlq
(a a{’mnr) th

(0T —

hlflmln
kql#lmln
(asr;:g -
( khlé’lm) sn
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) + a{’m‘.rlT P}lkh + (ajﬁ{’mnr)(aliyh - 6;1yk) +
Bemnr (5;(.9]'}1 - 5rllgjk)
Using (1.17b) in (2.12), we get
(2.13) P!

jkhillminir
) pi ps
aSthle}Im|n|r

+ {Plfhaj e Ps,ihajrl:f - Pks

h|1(6 F;TLH) hll(a ) s|z(3irﬁfrl) -

(6 th|l) jm}|n|r

[Plfhlt’lma F;"Ll PsLhI{’Im

Plih|sa.jl—‘l*S
a F’:?Sl - Plislflmajrﬁfl
Plihlslma F

s
+ thhf’lmln

~9 Plihmm jn ]Ir 9; F;Tl Pslh|{’|m|na 1—‘;;9

61"

krlflmln

kh|s|m|na Ty 6 e —

Plih|l|m|sa Loz — [{a Plih|£’|m|n}I

q *[ i
+ th|1£’|m|na qu thmmm
9,1

i
6 Fhr thlqlmln
*q i
6 FmT thlllmlq

khlllsln

Ol —

kqli’lmln
khlllqln 9 F;g -
aqplihlflmpszl Pli“
+ afmnr jkh + ajﬁfmnr(éliyh
Bemnr (849 — 619jx)
This shows that
I:)jlkhmmmw Eemnr Pllkh + Bomnr( 6li€ jn —
5;'1 gjk) )
if and only if
(2.14) {Pen0;Ts — P;ha
+{ khlla Tom —
(a.SPlihU) jm}|n|r

s
+ [thlflm
6 I

a afmnr th
— 8hyi) +

Tl _Plisa
6

s ) pi 25
—6th

Jjl }|m|n|r

6 thlsa

shll ksll

o, — T, T,

shlflm kslflm

khlslm

OF

shl#lmm

0 (Piimmm) isn ]IT + Plfhmmma F;T -
6 Ins

krlflmln

kh|s|m|na Ty 9; ny;fr -

Plih|l|m|sa G = [{6 Plihmmm}l

q * i
+ th|~£’|m|na qu thmmm
9,1

i *q i
qu|{’|m|na Fhr thlqlmln
*q i
6 Lo thlllmlq

( khlt’lm) (aja{’mnr) th
+ ajﬂfmnr(5llcyh - 5;zyk)

Hence, we have the following theorem
Theorem 2.3. In PP-G-FRF,,, at the differentiation of the
tensor Pj"kh is a generalized four-recurrent if and only if the
condition (2.14) holds good.
Interpretation: Theorem 2.3 establishes that fourth-order
recurrence is completely characterized by condition (2.14),
which acts as an integrability constraint on the curvature
tensor.
Transvecting (2.12) by g;, , using (1.3a), (1.9a), (1.19b) and
(1.17b), we get

khllISITl
*q
d Fkr -

*q
khlllqln a Fm’

Pl ps =

sn Fjr

https://journals.ust.edu/index.php/IST
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(2 15) Pjpkhll’lmlnlr + {gip thh (a‘jrs*li) - PSPh (ajrlzf
Pips(0;T5i) — Gip (3sPLn)P, 1 himinr
+{9ip kh|l(a 1ﬂs*rln) Psphll(a ) Pkwll(a
B s (8,758
— Gip (0 P;inu) gn}|n|r [ip P]fh|[|m(a.jrgri1) -
Psphh{’lm(a ) Pkpslflﬂl(a

kphISITH(aJFTI) Pkph|m|s(ajrfﬁn) -

9ip0s ( khmm) Pl + 9ip Plfmmmm(ajFJH

_Psphlmln (ajr‘;ﬁ) - Pkpslllmln(aj
F;rs) - Pkphlllsln(a"rgisr)

_PkphIlITTLIS(a'FTLS") {glpa ( khlt’lmln)}l +
gippljhmmm(a F*L) Pqphlllmln(a F*f

_Pkpqlllmln(a Fhr) Pkphlqlmln(asrl;q
Pipnitiqin (9sTmr) = Piiumiq (9sTar

— gy 0 pl pt —

sn tjr
X omnr Pjpkh

Thr) -

( khlt’lm) (ajat’mnr) Pepn +

+ i (@ﬁfmnr)(‘siic}’h - 5;'1371() +
Bemnr( Ikp 9jn — ghpgjk)
This shows that
(216) Pjpkh|{’|m|n|r = Opmnr Pjpkh + ﬁt’mnr( gkp gjh -
Inp 9k )
if and only if
(2-17). ) {glp th(a ) Psph (a ) Pkps (a l-‘hl)
gip (asPIih)Pjsl }|m|n|r

+ {gip Plihu(aJ'F;TiIJ - Pspmz(ajl"zi‘fn)
kphls(a Flm)
glp(aspzihu)Pﬁn}mn
F;fl) - Pkps|€|m(6jritfz
_Pkph|s|m(a'rl’;1s) - Pkpmmm(ajrﬁmsn) -
O ip0s (Plihll’lm) Pilir + 9iv Penyormm (9iT57)
Psphlmln (6 ) Pkps|l|m|n(a ) -
PkphISImln (0] r) Pkphlusm(a Fr*nsr)

_Pkph|l|m|s(a'l_‘$) {gma ( kh'f'm'")} *

Ir
gippljmmmm(a F*l) Pqphlllmln(a Flzg
_Pkpqlllmm(a F;g) - Pkphlqlmln(asrl*rq -
(a ¥ q) Pkphlllmlq(a F q
—Yip 6 ( hmm)Pszl Pﬁ* = (ajai’mnr) Pkph +
gip (ajﬁfmnr)(6kyh - 6hyk)
Consequently, the following theorem is proven.
Theorem 2.4. If and only if the condition (2.16) is met, the
differentiated associative tensor is Py, of tensor Pjikh in
PP-G-FREF,, is a generalized four-recurrent.
3. Regarding Generalized P! -Four-Recurrent Affinely
Connected Space
Differential geometry has relied heavily on the study of
recurrent spaces. With an emphasis on four-recurrent-affinely

connected spaces, we present a novel generalization in this
study. Our study intends to further the existing investigation

+ [ 9ip Plfhmm((’51'1-‘5*71.l ) -
Psphl#lm(aj

Pkphlllqln
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of higher-order recurring structures and their possible uses in
engineering and physics. This section will present a new
definition for P"-G-FRF,,, which also has the characteristics
of an affinely connected space.

Definition 3.1. An affinely connected space is defined as
Finsler space F, , whose coefficient of parameter, G,}, , is
independent on y™, and the related equations.

(3.1) ) Ghpp=0 and b) Cijpmn=0.

The directional argument has no bearing on the coefficient's
parameters Iy} and GLj, .

(3.2) ) 9;Gh, =0 and b) 9Ty, =0

Definition 3.2: A generalized P" -four-recurrent affinely
connected Finsler space is an affinely connected Finsler space
satisfying the fourth-order recurrence condition (2.4),
together with the directional independence conditions (3.1) -
(3.2).

Remark 3.1: Cartan's second curvature tensor jikh , which
has the property of P"-G-FRF,,-affinely connected space, can
be referred to as a generalized h-four-recurrent tensor.

Let's examine the affinely connected space P"-G-FRF,,.

The proof follows by substituting the affine connection
conditions (3.1) into the general recurrence identities derived
in Section 2.

Considering definition 3.2 and theorem 2.1, we can conclude
Theorem 3.1. The generalized P™ -birecurrent affinely
connected space in a ffinely connected generalized P -
recurrent space is P"-G-FRF, -affinely connected.

Applying (3.2b) to (2.12), we obtain

(3.3) P!

[0 (Plihlflm) Pinlyr
- [{65 (Plihlt’lmln)}lr - aq(Plihlflm)PSZI] PJST =

(aj a{’mnr)PIfth + A pmnr P]lkh ) ]
+ (ajﬁfmnr)(5llc}’h - 5}3)’;() + ﬁ{’mnr(sllcgjh -

J {(a.splih) Pjsl }|m|n|r - {(asplih|l)P]§n}|rQ3ﬂ)
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(37) Pjpkh|[|m|n|r = Uomnr Pjpkh + ,Bt’mnr( gkp gjh -

Ynp Gjk )

if and only if

(38) {gip (asP}zh) Pﬁ }|m|n|r - {gip (asplihu) Pj§n}|n|r -

[ ip Os (Plfthlt’lm) Pl
—[ { gipas (Pklthmmm)}lr ~Yip aq (Plimﬂm)PSgl] PJST +

(aja€mnr) Pkph . i .

+ X pmnr Pjpkh + Yip (ajﬁ{’mnr)( 5llcyh - 6illyk) :
Consequently, the following theorem can be stated.
Theorem 3.2. P,ijh and its associative P, curvature tensor

is generalized trirecurrent tensors in P"-G-FRF,, -affinely
connected space if and only if the requirements (3.4) and
3.7), respectively, are met.
Using (1.5a), (1.7a), (1,9b), (1.19a), and (1.20) to transvect
(3.3) by y/, we obtain

(3.9) Pentimmr — LOsPen) P i = {OsPin )Py —
[ 35 (Pkithlt’lm) PnS]IT

- [{35 (Plihlf’lmm)}lr — 9, (Plihlflm)PS‘il] B =
(ajaemnr) Pin v + Qpmnr Pin

+ (ajﬁemnr)(&i}’h - 5;1'1}/1() ¥+ Bomnr (55yn —

5£Yk) .
This shows that

(3.10) P]ih|[|m|n|7- = a[mnrplih + Bemnr (6liyh - 6;'1}7}() )
if and only if
{(asplih)Pls}|m|n|r - {(aspléh|l)Pn€L}|n|r -
[0 (Pklthuﬂm) Pns]lr
- [{65 (Plihlflmln)}lr - aq (Plimﬂm)Pszz] P? =
(9;@mnr) Pin }’j ' ' _
+ (ajﬁfmnr)(allcyh - 5;1}’1() v

6,§gjk) . Transvecting (3.9) by gy , using (1.3a), (1.9) and (1.19b), we get
This shows that i i ( i (3.12) Pkthlllmlnlr - git{(aspléh)Pls}|m|n|r -
3.4 P: =« P + 6xgin — L . )
;i ) ) jkhilminir emnr Pikn + Bemnr (0k9jn git{(asplih|l)PTfl}|n|r — 194105 (Plihlllm) Py
hdjk) C o .
if and only if — [9u {63 (Plihlflmln)}nﬂ = 0g(Ppygm) Pl B =
(35) , {@sPin) Bt Yiminir = {OsPeni)Pjm bk @2 emnr) Pren yj,+ @emnr Peen .
[0s (Plihlflm) Pjsn]lr + git(ajﬁ#mnr)@f()’n - 5ﬁ}’k) v+

- [{as (Plihmmm)}lr - a'q(PIimﬂm)PS?l] P]ST =

(aj a{’mnr)PIih + Qomnr P]Lkh '
+ (ajﬂt’mnr)(‘sllth - 6;13/k) =0

Further, using (3.2b) in (2.12), we get

(3.6) p

{gip (asplihu) Pjsm}|n|r

- [gip aS (P,ihmm) Pjil]lr = {gipas (Plihlflmln)}

Jip aq(PIihlflm)Rgl] By

= (ajafmnr) Pkph + Comnr Pjpkh +
gip (ajﬂfmnr)( 6Iftyh - Sfilyk)

+ ﬂfmnr (gkp gjh - ghpgjk)
This shows that

https://journals.ust.edu/index.php/IST

jpkhifiminir — {gip (a'splih) P]Sl }|me$';’4)

Bemnr ( Gkt Yn — Ine Vi) -
This shows that

(3'13) Pkth|[|m|n|r = afmnrpkth + ﬂfmnr( gkfyh -

IneVi )
if and only if

git{(a.splih)Pls}|m|n|r - git{(asplih”)Prfz}mV -
(9105 (Pipiom ) PR)ir
— [9u {as (Plihmmm)}lr —0q (Plzmmm)PS?l] B> =

(ajafmnr) Pkth yj_ ) ) )

+ Git (0 Bemnr ) (8kyn — Shyic) ¥ -
Transvecting (3.9) by y* , using (1.5a), (1.6a), (1.7a) and
(1.19a), we get
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(3.15) P!

hillminis

y [6 ( kh|{’|m) B ]IT

-y [{ ( khlflmln)}I 6 ( khli’lm)PSZI:| PTS =
(a]'afmnr) Pill y'J + Apmnr Ph . .

+ (ajﬁfmnr)(yh yk - 5;1 Fz) yj +

ﬁfmnr(yh yk - S;LFZ)
This shows that

{ (asplih)Plsyk }|m|n|r

(316) Plill|m|n|r a{’mnrpil; + ﬁ{’mnr( Yh yk - 5}11 F? )
if and only if
(3 17) {(aspléh)PlSykmeV

y [6 ( kh|t’|m) PS]IT

-y [{ ( khlt’lmln)}l —0 a( khmm) S?l] R =
(ajal’mnr) Pill y.]

+ (ajﬂl’mnr)(yh yk - 6;1 FZ) yj .
Thus, the following theorem can be deduced.
Theorem 3.3. The h-covariant derivative of fourth order for
the torsion tensor P}, , its associative tensor P, , and the
deviation tensor P! in P"-G-FRF,-affinely connected space
is given by (3.10), (3.13), and (3.16) if and only if the
conditions (3.11), (3.14), and (3.17), respectively, hold.
4. Motivation and Potential Applications
This research is driven by the growing complexity of modern
financial systems operating in unstable economies and
rapidly evolving digital landscapes. The digital
transformation brought forth by fintech has made banking
sectors in emerging and post-crisis economies more
vulnerable to systemic interdependencies, asymmetric risk
transmission, and nonlinear financial dynamics.
By fusing complex Finsler geometry with current challenges
in FinTech-enabled financial systems, this paper provides a
basic mathematical viewpoint that guides future application
research and theoretical development. For banking
companies that operate throughout times of economic
recovery and the digital revolution, where stability,
resilience, and effective risk management are essential to
long-term financial survival, the recommended approach is
particularly appropriate.
Conclusion
This paper develops an advanced Finsler geometric
framework to assess banking stability amidst FinTech
innovation and digital transformation. By analyzing fourth-
order curvature tensors on P" -generalized four-recurrent
Finsler manifolds, it establishes a rigorous mathematical
foundation for modeling higher-order interactions,
asymmetric risk transmission, and nonlinear dynamics in
modern banking, particularly within emerging and post-crisis
economies.
The direction-dependent nature of Finsler geometry
effectively captures partial stability patterns, cyclical
irregularities, and systemic risk propagation. Furthermore,
generalized recurrence conditions provide insights into
structural resilience during economic recovery. While
primarily theoretical, this framework enhances risk modeling
and dynamic stress testing, fostering interdisciplinary

https://journals.ust.edu/index.php/IST

{(OsPeny) P}k
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tegratlon between differential geometry and applied
inancial analysis to ensure long-term financial survival.

The proposed framework opens the door for developing new

stress-testing  algorithms based on non-Riemannian

geometry.
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