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Abstract— In this paper, a New Two-Parameter Generalized 

Lindley Distribution (NTGLD) for modelling lifetime data is 

proposed, which is designed to enhance the flexibility and 

applicability of the Lindley distribution in real data analysis. Key 

statistical properties such as the first four moments about the origin, 

coefficient of variation, hazard and survival functions of the 

NTGLD are equally obtained. The parameters of the NTGLD were 

estimated using the method of maximum likelihood. A 

comprehensive simulation study compares the efficiency of the 

estimators is presented. The quantile plot provides further insights, 

illustrating how the distribution's quantile varies with the 

parameters α and θ, emphasizing the adaptability of the model to 

different data structures. The NTGLD is applied to three real 

datasets: remission times of 128 bladder cancer patients, remission 

times of 36 bladder cancer patients, and recovery times of 553 

Covid-19 patients. In each case, the NTGLD demonstrates superior 

fit compared to competing models considered in this study. 

Performance metrics such as Akaike Information Criteria, Akaike 

Information Criteria Corrected, Hannan–Quinn information criteria 

and Bayesian Information Criteria consistently favour the NTGLD, 

underscoring its robustness and effectiveness. This study 

establishes the NTGLD as a valuable tool for statistical modelling, 

offering significant improvements over existing distributions 

considered in terms of flexibility, accuracy, and fit.  

Keywords— Generalized Lindley Distribution; Maximum 

Likelihood Estimation; Quantile Plot; Simulation Study; Covid-19 

Data; Cancer Data 

I. INTRODUCTION 

To date, researchers have developed and are still 

developing distributions to enhance the analysis and 

interpretation of lifetime data sets. These distributions are 

crucial for gaining deeper insights into real-world 

phenomena. Notably, the methods for constructing new 

probability distributions have evolved significantly since 

1997. The primary goal of developing, extending, or 

generalizing these distributions is to better explain lifetime 

phenomena across various fields, such as public health, 

engineering, and biological sciences [1]. Lifetime 

distributions, alternatively known as survival distributions or 

failure time distributions, serve as a cornerstone statistical 

framework for modeling the time until a specific event occurs 

[2], [3], [4], and [5]. Traditional distributions like uniform, 

beta, exponential, Rayleigh, Weibull, and gamma have 

limited flexibility. For instance, the exponential distribution 

is tied to a constant hazard function, and the Rayleigh 

distribution is constrained to increasing hazard functions. The 

Weibull distribution offers more flexibility, supporting 

increasing, decreasing, or constant hazard functions, but it 

cannot model non-monotonic failure rates, such as those with 

unimodal or bathtub shapes [1]. New distributions generated 

from emerging families and other probability distribution 

generators have gained significant attention in the literature 

due to their flexibility and stability [6]. Johnson et al. [7] and 

[8] have provided comprehensive reviews of hundreds of 

continuous univariate distributions. Gomes-Silva et al. [9] 

noted that recent research has focused more on developing 

new families of distributions that extend established ones, 

offering greater flexibility in modeling lifetime data. 

Similarly, Taketomi et al. [10] conducted an extensive review 

of parametric distributions used in lifetime models. 

Despite the wide-ranging applications of the Lindley 

distribution [11], it falls short in adequately modeling 

phenomena characterized by non-monotone failure rates, 

such as bathtub-shaped or upside-down failure rates. 

Consequently, many researchers have introduced new 

generalizations of the traditional Lindley distribution by 

incorporating one or more shape parameters to enhance the 

flexibility of both the probability density function (PDF) and 

the hazard rate function. Some of such significant 

advancements are the generalized Lindley distribution by 

Zakerzadeh and Dolati [12], a new class of generalized 

Lindley distributions introduced by Oluyede and Yang [13], 

a generalized Lindley distribution with shape considerations 

presented by Nadarajah et al. [14], the quasi-Lindley 

distributions (QLD) introduced by Shanker and Mishra [15], 

and a new generalized Lindley distribution by Abouammoh 

et al. [16]. In recent years, many probability distributions, 

such as Lindley, Rayleigh, exponential, Weibull, and gamma, 

among others, have been extended and applied in statistical 

analysis for modeling lifetime data. Many researchers used 

these distributions in different areas of applicability. For 

instance, Al-Noor and Assi [17] developed a Rayleigh-

Rayleigh model with an increasing failure rate and applied it 

to real-life data and a simulation study. The results of its 

application to real-life data show that the distribution 

produced fits that are competitive and compare better, in 

some cases, to the gamma, Weibull, and lognormal 

distributions. 

Therefore, the literature has seen the development of several 

extensions and applications of well-established distributions. 

For example, a one-parameter distribution called the Pranav 

distribution was proposed by Shukla [18]. The distribution is 

a mixture of exponential distribution with scale parameter θ 

and gamma distribution with shape parameter and scale 

parameter θ. Aderoju [19] introduced the Samade 
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distribution, which was subsequently extended by Aderoju & 

Babaniyi [20] and Elangovan & Manivasagan [21]. The 

Samade distribution has been widely used for modeling 

survival, reliability data, and its mixture for modeling count 

data [22], [23]. Hosseini et al. [24] introduced a new one-

parameter weighted-Lindley distribution for modeling 

lifetime data. They derived and investigated some of its basic 

properties. The application of the model to a real dataset was 

done to investigate the flexibility of the new weighted-

Lindley distribution as compared with other distributions. 

Meriem et al. [25] introduced the power XLindley (PXL) 

distribution, a two-parameter extension of the XLindley 

distribution. Aderoju and Jolayemi [26] explored extensions 

of the Hamza distribution, which features a unique failure rate 

function that enhances its applicability in modeling real-

world scenarios. Aleshinloye et al. [27] proposed a New 

Generalized Gamma-Weibull Distribution, while Aderoju 

and Adeniyi [28] investigated extensions of the Generalized 

Akash distribution. Tashkandy et al. [29] introduced a novel 

two-parameter distribution called the power-modified 

XLindley distribution. They developed it through the 

application of power transformation techniques to the 

existing modified XLindley distribution [30]. They 

conducted a thorough examination of its statistical properties, 

exploring its potential to improve data fitting and modeling 

accuracy. Aderoju et al. [31] introduced a new three-

parameter Weibull-generalized gamma distribution, which 

provides more flexibility in modeling lifetime data. The 

results of the model’s simulation and application to real-life 

data suggest that it is a useful alternative to the existing 

distributions considered in the paper. 

The primary objective of this article is to present a new 

flexible lifetime distribution and some of its characteristics. 

The distribution is capable of being used in survival analysis 

of patients suffering from diseases such as cancer, Covid-19, 

tuberculosis, etc., and can also be used to model the volatility 

of organic molecules that are relevant to environmental 

studies. Essentially, a major motivation for this study is to 

demonstrate that the proposed distribution has the potential to 

model medical data. In terms of application, the scope of this 

study is non-censored data, and a simulation study is also 

involved. 

The following is the order of this article. We introduce the 

new lifetime distribution called a new two-parameter 

generalized Lindley (NTGL) distribution in Section 2. The 

mathematical properties of the NTGL distribution are 

presented in Section 3. The parameter estimation of the 

NTGL distribution and simulation study are covered in 

Section 4. The application to real data analysis is analyzed in 

Section 5. The conclusions are provided in Section 6. 

II.   MATERIAL AND METHOD 

The new two-parameter generalized Lindley 

(NTGL) distribution, characterized by the parameters a and q, 

is defined through its probability density function (PDF). This 

PDF follows the general structure of a k-component additive 

mixture distribution, as outlined by Everitt and Hand [32]. 

Specifically, for a random variable x, the PDF is given by: 

𝑓(𝑥, 𝜃) =  ∑𝑝𝑗,𝑓𝑗(𝑥, 𝜃𝑗)

𝑘

𝑗=1

,                         (1) 

where  𝜃𝑗 is the vector of parameters for the mixture models, 

𝑝𝑗  is the mixture proportion and ∑ 𝑝𝑗 = 1
𝑘
𝑗=1 . 

Definition: A random variable X with a PDF representing the 

two-parameter generalized Lindley distribution is expressed 

as: 

𝑓(𝑥; 𝛼, 𝜃) =
𝜃2

4 + 𝜃2
(𝜃 +

4𝑥𝛼−2𝜃𝛼−3

Γ(𝛼 − 1)
) ⅇ−𝜃∗𝑥,           𝑥, 𝜃

> 0, 𝛼 > 1       (1) 
Remark: The PDF (1) can be shown as a mixture of 

𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙 (𝜃)  and 𝑔𝑎𝑚𝑚𝑎 (𝛼 − 1, 𝜃)  distributions as 

follows: 

𝑓(𝑥; 𝛼, 𝜃) = 𝑝𝑔1(𝑥; 𝜃) + (1 − 𝑝)𝑔2(𝑥; α − 1, 𝜃) ,   
where 

 𝑝 =
𝜃2

𝜃2+4
 , is the mixing proportion (or mixture weight),  

𝑔1(𝑥; 𝜃) = 𝜃ⅇ
−𝑥𝜃 ,      𝑥 > 0 

and  

𝑔2(𝑥; α − 1, 𝜃) =
𝜃𝛼−1𝑥𝛼−2

Γ(𝛼−1)
ⅇ−𝑥𝜃,         𝑥, 𝜃 > 0, α > 1.  

 

We arbitrarily use 𝑋 ~ 𝑁𝑇𝐺𝐿(𝛼, 𝜃)  to denote the random 

variable having new two-parameter generalized Lindley 

distribution with parameters   (shape) and  (rate) with PDF 

(1), The probability density curves for some selected values 

of the shape and scale parameters are presented in Figure 1. 

The probability density curves for some selected values of the 

shape and scale parameters are presented in Figure 1. Some 

of the curves in this Figure 1 revealed a bimodal distribution, 

and since the new distribution consists of both exponential 

and gamma components, our developed methods are well-

suited to account for this bimodality if present in the lifetime 

data, like this simulation scenario.  
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Figure 1: Shape of the NTGL distribution for different values of the parameters 

 

Figure 2 represents the image of a 3D surface plot generated 

in R, showing the PDF of the NTGL distribution at a fixed 

value 𝑥 = 5. The plot illustrates how the PDF changes with 

varying values of the parameters α and θ. Note that X-axis 

represents the parameter α, ranging from 1.5 to 3, while Y-

axis Represents the parameter θ, ranging from 0.5 to 2, and 

the Z-axis Represents the value of the PDF, ranging from 

approximately 0 to 0.25. The surface indicates the PDF values 

corresponding to different combinations of α and θ. The shape 

of the surface provides insights into how the PDF of the 

NTGL distribution behaves with changes in these parameters. 

The plot shows that as α increases, the PDF value increases 

significantly, especially for larger values of θ. The color 

gradient on the right side of the plot provides a visual 

representation of the PDF values: Darker colors represent 

higher PDF values, while lighter colors represent lower PDF 

values. Figures 3 illustrates the cdf of the NTGL distribution 

for various values of the parameters. 
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Figure 2: The 3D surface plot of the PDF of the NTGL distribution at a fixed value 𝑥 = 5 

 

The corresponding cumulative distribution function (cdf) can 

be obtained as follows: 

𝐹(𝑥; 𝛼, 𝜃) = ∫𝑓(𝑡; 𝛼, 𝜃)

𝑥

0

𝑑𝑡 

                    = ∫
𝜃2

4 + 𝜃2
(𝜃 +

4𝑡𝛼−2𝜃𝛼−3

Γ(𝛼 − 1)
) ⅇ−𝜃𝑡

𝑥

0

𝑑𝑡 

                   =
𝜃2

4 + 𝜃2
[∫(𝜃ⅇ−𝜃𝑡)

𝑥

0

𝑑𝑡

+ ∫(
4𝑡𝛼−2𝜃𝛼−3

Γ(𝛼 − 1)
ⅇ−𝜃𝑡)

𝑥

0

𝑑𝑡] 

                   =
𝜃2

4 + 𝜃2
[(1 − ⅇ−𝑥𝜃) +

4Γ(𝛼 − 1, 𝑥𝜃)

𝜃2Γ(𝛼 − 1)
] 

                  =
𝜃2

4 + 𝜃2
(1 − ⅇ−𝑥𝜃) +

4𝜃𝛼−1Υ(𝛼 − 1, 𝜃𝑥)

(4 + 𝜃2)Γ(𝛼 − 1)
 

Therefore, 

𝐹(𝑥|𝛼, 𝜃)

=
1

4 + 𝜃2
(𝜃2(1 − ⅇ−𝜃𝑥)

+
4𝜃𝛼−1Υ(𝛼 − 1, 𝜃𝑥)

Γ(𝛼 − 1)
)                                    (2) 

The cdf for some selected values of the shape and scale 

parameters are presented in Figure 2; where γ(. )  incomplete 

gamma function. These cdf plots illustrate the flexibility of 

the NTGLD in modeling distributions that can either 

concentrate around lower values or spread across a broader 

range, depending on the parameters 𝛼 and 𝜃. 

https://journals.ust.edu/index.php/JST
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Figure 3: CDF curves of the NTGL distribution for some selected values of parameters. 

 

[III] MATHEMATICAL PROPERTIES OF THE NTGL 

DISTRIBUTION  

Using algebraic expressions to ascertain some mathematical 

characteristics can prove more advantageous compared to 

direct computation through numerical methods. Hence, we 

proceed to introduce some mathematical properties of the 

NTGL distribution. 

Asymptotic Behaviour 

This subsection discusses the behaviour and probable shapes 

features of the PDF of NTGL distribution. The PDF’s 

behaviour is as follows: 

lim
𝑥→0

𝑓(𝑥) =

{
 
 

 
 
→ ∞ ,                       𝑖𝑓 1 < 𝛼 < 2

𝜃(𝜃2 + 4)

4 + 𝜃2
,                         𝑖𝑓 𝛼 = 2

𝜃3

4 + 𝜃2
,                             𝑖𝑓 𝛼 > 2

 

 

Moments and Associated Measures  

The rth factorial moment 

Moments of a given density function are very useful in 

computing measures of central tendency, variance, skewness, 

and kurtosis. Using equation (1), the rth factorial moment of 

the random variable X (said to be following the NTGL 

distribution) about the origin is obtained as: 

𝐸(𝑋𝑟) = 𝜇𝑟 = ∫ 𝑥𝑟𝑓(𝑥|𝛼, 𝜃)𝑑𝑥

∞

0

 

      𝜇𝑟 = ∫ 𝑥𝑟
𝜃2

4 + 𝜃2
(𝜃 +

4𝑥𝛼−2𝜃𝛼−3

Γ(𝛼 − 1)
) ⅇ−𝜃𝑥𝑑𝑥

∞

0

 

           =
𝜃2

4 + 𝜃2
∫ 𝑥𝑟 (𝜃 +

4𝑥𝛼−2𝜃𝛼−3

Γ(𝛼 − 1)
) ⅇ−𝜃𝑥𝑑𝑥

∞

0

 

 

 

The final expression of ordinary moments is given in the 

following form: 

𝜇𝑟
′ =

𝜃2Γ(1 + 𝑟)Γ(𝛼 − 1) + 4Γ(𝑟 + 𝛼 − 1)

𝜃𝑟(4 + 𝜃2)Γ(𝛼 − 1)
                 (3) 

The initial four moments of the random variable X, about the 

origin, are derived from equation (3) by substituting r with 

values of 1, 2, 3, and 4 respectively. 

𝜇1
′ =

4(𝛼 − 1) + 𝜃2

𝜃(4 + 𝜃2)
 

𝜇2
′ =

2(𝜃2 + 2𝛼(𝛼 − 1))

𝜃2(4 + 𝜃2)
 

𝜇3
′ =

4𝛼3 − 4𝛼 + 6𝜃2

𝜃3(4 + 𝜃2)
 

𝜇4
′ =

4((𝛼 − 1)𝛼(1 + 𝛼)(2 + 𝛼) + 6𝜃2)

𝜃4(4 + 𝜃2)
 

The variance (𝜎2), coefficient of variation (CV), the index of 

dispersion (ID), coefficient of skewness (𝑆𝑘) and coefficient 

of Kurtosis (𝐾𝑠)  are obtained as: 

𝜎2 = 𝐸(𝑋2) − [𝐸(𝑋1)]2 = 𝜇2 − [𝜇1]
2 

𝜎2 =
𝜃4 + 4𝛼2𝜃2 + 16𝜃2 − 16 − 4𝛼(3𝜃2 − 4)

𝜃2(4 + 𝜃2)2
 

𝐶𝑉 =
𝜎

𝜇1
 

𝐶𝑉 =
√(16(𝜃2 + 𝛼 − 1) − 12𝛼𝜃2 + 4𝛼2𝜃2 + 𝜃4) 

(𝜃2 + 4𝛼 − 4)(4𝜃 + 𝜃3)
 

𝑆𝑘 =
𝜇3
′

𝜎3
 



 

 

S.A. Aderoju, K.A. Dauda, J.B. Olaifa 

Volume 30, Issue (8), 2025  

 

19 

`

`

X

X 

https://journals.ust.edu/index.php/JST 

𝑆𝑘

=
6𝜃2 − 4𝛼 + 4𝛼3

𝜃3(4 + 𝜃2) (
16(𝜃2 − 1) + 4𝛼2𝜃2 + 𝜃4 − 4𝛼(−4 + 3𝜃2)

𝜃2(4 + 𝜃2)2
)
3 2⁄

 

𝐾𝑠 =
𝜇4
′

𝜎4
 

𝐾𝑠 =
4(4 + 𝜃2)3((𝛼 − 1)𝛼(1 + 𝛼)(2 + 𝛼) + 6𝜃2)

(16(𝜃2 − 1) + 4𝛼2𝜃2 + 𝜃4 − 4𝛼(3𝜃2 − 4))
2 

𝐼𝐷 =
𝜎2

𝜇1
 

      =
16(𝜃2 + 𝛼 − 1) − 12𝛼𝜃2 + 4𝛼2𝜃2 + 𝜃4

(−4 + 4𝛼 + 𝜃2)(4𝜃 + 𝜃3)
 

       =
16(𝜃2 + 𝛼 − 1) + 𝜃2(𝜃2 + 4𝛼2 − 12𝛼)

(𝜃2 + 4𝛼 − 4)(𝜃3 + 4𝜃)
 

 

Table 1 provides key statistical measures numerically for the 

NTGL distribution across different values of the parameters 

α and θ. As α increases, all the measures (mean, variance, 

skewness, and kurtosis) show significant increases, especially 

for small values of θ. This indicates that for large α, the 

distribution becomes more dispersed, more skewed, and more 

kurtotic, with fatter tails. For increasing θ, the measures 

(especially variance, skewness, and kurtosis) decrease, 

implying that the distribution becomes more symmetric and 

less spread out, with lighter tails. 

 

Table 1: Numerical description of certain key measures of the NTGL distribution 

Parameters Measures 

 θ 𝜇 𝜎2 𝐼𝐷 𝑆𝑘 𝐾𝑠 

 

α = 1.25 

 

0.05 5.0093 100.32 20.028 5.6237 36.5395 

0.25 1.0461 3.3209 4.1303 5.5907 35.9133 

0.50 0.5882 1.3010 2.2117 5.4700 33.6740 

1.00 0.4000 0.4900 1.2250 5.1384 27.6056 

5.00 0.1793 0.0385 0.2149 5.5721 22.6294 

10.0 0.0971 0.0099 0.1021 5.8669 23.5420 

 

 

α = 2.5  

 

0.05 29.9937 599.9375 20.0020 7.1430 26.2457 

0.25 5.9692 23.9375 4.0101 7.1124 26.1462 

0.50 2.9411 5.9377 2.0188 7.0253 25.8675 

1.00 1.4000 1.4400 1.0285 6.7708 25.1012 

5.00 0.2137 0.0439 0.2055 6.0633 23.8883 

10.0 0.1019 0.0102 0.1009 6.0152 23.9642 

 

 

α = 5.0  

 

0.05 79.9625 1601.498 20.0281 14.9700 52.3700 

0.25 15.8153 65.4428 4..1379 14.2946 49.4601 

0.50 7.6470 17.2872 2.2606 12.6098 42.4029 

1.00 3.4000 4.8400 1.4235 9.1284 28.8914 

5.00 0.2827 0.0993 0.3513 5.5491 22.1315 

10.0 0.1115 0.0144 0.1298 5.9584 26.4068 

 

 

α = 10.0  

 

0.05 179.90 3613.981 20.0888 36.4314 145.4433 

0.25 35.5076 157.5422 4.4368 31.5520 120.6542 

0.50 17.0588 48.2906 2.8308 22.2211 76.7248 

1.00 7.4000 17.6400 2.3837 10.7061 30.5582 

5.00 0.4206 0.3885 0.9235 4.6814 17.5866 

10.0 0.1307 0.0367 0.2809 6.2247 35.5493 

 

 

α = 25  

0.05 479.7126 9726.3384 20.2753 130.0227 711.9315 

0.25 94.5846 506.5505 5.3555 86.2262 413.7612 

https://journals.ust.edu/index.php/JST
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 0.50 45.2941 207.7370 4.5864 39.2306 146.9782 

1.00 19.4000 104.0400 5.3628 11.7613 31.1303 

5.00 0.8344 2.6829 3.2151 3.9264 12.9181 

10.0 0.1884 0.2144 1.1380 6.0984 35.2655 

       

 

Moment Generating Function 

The moment generating function of a random variable X 

following the NTGL distribution is defined by: 

𝑀𝑋(𝑡) = ∫ 𝑒𝑡𝑥(𝑥; 𝛼, 𝜃)𝑑𝑥

∞

0

 

            = ∫ 𝑒𝑡𝑥
𝜃2

4 + 𝜃2
(𝜃 +

4𝑥𝛼−2𝜃𝛼−3

Γ(𝛼 − 1)
) ⅇ−𝜃𝑥𝑑𝑥

∞

0

 

           =
𝜃2

4 + 𝜃2
∫ (𝜃 +

4𝑥𝛼−2𝜃𝛼−3

Γ(𝛼 − 1)
) ⅇ−(𝜃−𝑡)𝑥𝑑𝑥

∞

0

 

           =
𝜃2

4 + 𝜃2
[∫ 𝜃ⅇ−(𝜃−𝑡)𝑥𝑑𝑥

∞

0

+
4𝜃𝛼−3

Γ(𝛼 − 1)
∫ 𝑥𝛼−2ⅇ−(𝜃−𝑡)𝑥𝑑𝑥

∞

0

] 

𝐿𝑒𝑡   𝑦 = (𝜃 − 𝑡)𝑥 

           =
𝜃2

4 + 𝜃2
[𝜃∫

ⅇ−𝑦

(𝜃 − 𝑡)
𝑑𝑦

∞

0

+
4𝜃𝛼−3

Γ(𝛼 − 1)
∫

𝑦𝛼−2ⅇ−𝑦

(𝜃 − 𝑡)𝛼−1
𝑑𝑦

∞

0

] 

𝑀𝑋(𝑡) =
𝜃2

4 + 𝜃2
[

𝜃

(𝜃 − 𝑡)
+

4𝜃𝛼−3

(𝜃 − 𝑡)𝛼−1
]                   (4) 

 

 

Reliability Characteristics  

In this section, we derive some reliability properties of the 

NTGL distribution including survival and hazard functions. 

3.3.1. Survival Function  

The survival function of the NTGL distribution denoted by 

𝑆(𝑥) is given as follows: 

𝑆(𝑥) = 1 − 𝐹(𝑥|𝛼, 𝜃) 

𝑆(𝑥) =
4 + 𝜃2ⅇ−𝜃𝑥 − 4

γ(𝛼 − 1, 𝜃𝑥)
Γ(𝛼 − 1)

4 + 𝜃2
          (5) 

 

Hazard (Failure Rate) Function  

The hazard function of the NTGL distribution denoted by 

ℎ(𝑥) is given as follows: 

ℎ(𝑥) =
𝑓(𝑥|𝛼, 𝜃)

𝑆(𝑥)
 

ℎ(𝑥)

=
(𝜃(𝑥𝜃)−2+𝛼(4𝑥𝛼𝜃𝛼 + 𝑥2𝜃4Г(α − 1)))

((𝜃2(𝑥𝜃)𝛼 + ⅇ𝑥𝜃(−4𝑥𝛼𝜃𝛼 + 4(𝑥𝜃)𝛼) )Г(α − 1) + 4ⅇ𝑥𝜃𝑥𝛼𝜃𝛼Г(α − 1, 𝑥𝜃))
 (6) 

For varying values of α and 𝜃  Figures 4 and 5, show the 

shapes of the plots of S(x) and h(x), respectively. Obviously, 

the NTGL distribution has decreasing and increasing hazard 

rate functions depending on the values of the parameters. 

 
Figure 4: Survival curves of the distribution for some selected values of parameters. 
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Figure 5: Hazard curves of the distribution for some selected values of the parameters. 

Renyi’s Entropy  

An entropy of a random variable X is a measure of variation 

of uncertainty [33]. Suppose a continuous random variable X 

follows a probability with density function 𝑓(𝑥) , then 

Renyi’s entropy, 𝑅𝐻(𝑥), can be expressed as: 

𝑅𝐻(𝑥) =
1

1 − 𝜌
𝑙𝑜𝑔∫[𝑓(𝑥|𝛼, 𝜃)]𝜌𝑑𝑥

∞

0

,  

For the PDF in equation (1) given as: 

𝑓(𝑥|𝛼, 𝜃) =
𝜃2

4 + 𝜃2
(𝜃 +

4𝑥𝛼−2𝜃𝛼−3

Γ(𝛼 − 1)
) ⅇ−𝜃∗𝑥,           𝑥, 𝛼, 𝜃

> 0                                   
Therefore, 

𝑅𝐻(𝑥) =
1

1 − 𝜌
𝑙𝑜𝑔∫ [

𝜃2

4 + 𝜃2
(𝜃

∞

0

+
4𝑥𝛼−2𝜃𝛼−3

Γ(𝛼 − 1)
) ⅇ−𝜃∗𝑥]

𝜌

𝑑𝑥 

             =
1

1 − 𝜌
log [(

𝜃2

4 + 𝜃2
)

𝜌

(𝜃∫ ⅇ−𝜌𝜃𝑥𝑑𝑥

∞

0

+
4𝜃𝛼−3

Γ(𝛼 − 1)
∫ 𝑥𝛼−2ⅇ−𝜌𝜃𝑥𝑑𝑥

∞

0

)] 

             =
1

1 − 𝜌
log [(

𝜃2

4 + 𝜃2
)

𝜌

(𝜃
1

𝜌𝜃

+
4𝜃𝛼−3

Γ(𝛼 − 1)

Γ(𝛼 − 1)

(𝜌𝜃)𝛼−1
)] 

             =
1

1 − 𝜌
log [(

𝜃2

4 + 𝜃2
)

𝜌

(
1

𝜌
+

4

𝜌𝛼−1𝜃2
)]    (7) 

Order Statistics 

Suppose 𝑋(1) ≤ 𝑋(2) ≤. . . ≤  𝑋(𝑛)  are order observations of 

 𝑋1, 𝑋2, . . . , 𝑋𝑛  taken from the studied distribution then 

density of the kth order statistic 𝑋(𝑘) can be expressed as: 

𝑓𝑋(𝑘)(𝑥) =
𝑛!

(𝑘 − 1)! (𝑛 − 𝑘)!
𝑓(𝑥|𝛼, 𝜃)[𝐹(𝑥|𝛼, 𝜃)]𝑘−1[1

− 𝐹(𝑥|𝛼, 𝜃)]𝑛−𝑘   (8) 
By substituting equations (1) and (2) into (8) we have: 

𝑓𝑋(𝑘)(𝑥)

=
𝑛!

(𝑘 − 1)! (𝑛 − 𝑘)!

𝜃2

4 + 𝜃2
(𝜃

+
4𝑥𝛼−2𝜃𝛼−3

Γ(𝛼 − 1)
) ⅇ−𝜃∗𝑥

[
 
 
 (1 − ⅇ−𝑥𝜃)𝜃2 +

4𝑥𝛼𝜃𝛼(𝑥𝜃)−𝛼(Γ(𝛼 − 1) − Γ(𝛼 − 1, 𝑥𝜃))

Γ(𝛼 − 1)

4 + 𝜃2

]
 
 
 
𝑘−1

[
 
 
 

1

−
(1 − ⅇ−𝑥𝜃)𝜃2 +

4𝑥𝛼𝜃𝛼(𝑥𝜃)−𝛼(Г(α − 1) − Г(α − 1, 𝑥𝜃))

Г(α − 1)

4 + 𝜃2

]
 
 
 
𝑛−𝑘

 

The functions of the first and nth order statistics are: 

𝑓𝑋(1)(𝑥)

=
𝑛!

(𝑘 − 1)! (𝑛 − 𝑘)!

𝜃2

4 + 𝜃2
(𝜃

+
4𝑥𝛼−2𝜃𝛼−3

Γ(𝛼 − 1)
) ⅇ−𝜃∗𝑥

[
 
 
 

1

−
(1 − ⅇ−𝑥𝜃)𝜃2 +

4𝑥𝛼𝜃𝛼(𝑥𝜃)−𝛼(Г(α − 1) − Г(α − 1, 𝑥𝜃))

Г(α − 1)

4 + 𝜃2

]
 
 
 
𝑛−1

 

and  
𝑓𝑋(𝑛)(𝑥)

=
𝑛!

(𝑘 − 1)! (𝑛 − 𝑘)!

𝜃2

4 + 𝜃2
(𝜃

+
4𝑥𝛼−2𝜃𝛼−3

Γ(𝛼 − 1)
) ⅇ−𝜃∗𝑥

[
 
 
 (1 − ⅇ−𝑥𝜃)𝜃2 +

4𝑥𝛼𝜃𝛼(𝑥𝜃)−𝛼(Γ(𝛼 − 1) − Γ(𝛼 − 1, 𝑥𝜃))

Γ(𝛼 − 1)

4 + 𝜃2

]
 
 
 
𝑛−1

 

Quantile function 

The quantile function 𝑄(𝑝) is the inverse of the cdf in (2), 

defined as: 

𝑄(𝑝) = 𝐹−1(𝑝) 
Therefore,  

𝑝

=
(1 − ⅇ−𝑥𝜃)𝜃2 +

4𝑥𝛼𝜃𝛼(𝑥𝜃)−𝛼(Γ(𝛼 − 1) − Γ(𝛼 − 1, 𝑥𝜃))

Γ(𝛼 − 1)

4 + 𝜃2
 

𝑝(4 + 𝜃2) −
4𝑥𝛼𝜃𝛼(𝑥𝜃)−𝛼(Γ(𝛼 − 1) − Γ(𝛼 − 1, 𝑥𝜃))

Γ(𝛼 − 1)
= (1 − ⅇ−𝑥𝜃)𝜃2 

This is a complex equation to solve analytically; hence, 

numerical solution can be obtained. The plot of the quantile 

https://journals.ust.edu/index.php/JST
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function (at p = 0.5) at varying values of 𝛼  and 𝜃 is presented 

in Figure 6. 

 
Figure 6: Quantile function (at p = 0.5) plot at varying values of 𝛼  and 𝜃 

[IV] PARAMETER ESTIMATION AND SIMULATION STUDY 

In this section, we obtain the mathematical expressions of the 

maximum likelihood estimators (MLEs) of the NTGL 

distribution (𝑖. 𝑒, 𝛼̂𝑀𝐿𝐸 , , 𝜃̂𝑀𝐿𝐸).  Besides deriving of the 

mathematical expression of 𝛼̂𝑀𝐿𝐸 and  𝜃̂𝑀𝐿𝐸, we also provide 

a simulation study to assess their performances numerically.  

Maximum Likelihood Estimation 

Let 𝑋1, 𝑋2, . . . , 𝑋𝑛 be a random sample of size n from 

𝑓(𝑥|𝛼, 𝜃) of the NTGL distribution defined by (1). In relation 

to the 𝑓(𝑥|𝛼, 𝜃),  the likelihood function 

𝐿(𝛼, 𝜃ǀ𝑥1, 𝑥2, . . . , 𝑥𝑛)  of the parameters can be written as 

𝐿(𝛼, 𝜃ǀ𝑥1, 𝑥2, . . . , 𝑥𝑛) = 𝐿 =∏𝑓(𝑥𝑖|𝛼, 𝜃)

𝑛

𝑖=1

                 (9) 

Using Equation (1) in Equation (9), we have 

𝐿 =∏
𝜃2

4 + 𝜃2
(𝜃 +

4𝑥𝑖
𝛼−2𝜃𝛼−3

Γ(𝛼 − 1)
) ⅇ−𝜃𝑥𝑖

𝑛

𝑖=1

                 (10) 

The log likelihood function is obtained by 

ℒ(𝛼, 𝜃) = 2𝑛𝑙𝑜𝑔𝜃 − 𝑛𝑙𝑜𝑔(4 + 𝜃2)

+∑log(𝜃 +
4𝑥𝑖

𝛼−2𝜃𝛼−3

Γ(𝛼 − 1)
)

𝑛

𝑖=1

−∑𝑥𝑖𝜃

𝑛

𝑖=1

      (11) 

The maximum likelihood estimates (MLEs) 𝛼̂ 𝑎𝑛𝑑 𝜃̂ of the 

parameters 𝛼 𝑎𝑛𝑑 𝜃  of NTGL distribution are found by 

solving the following log-likelihood equation by taking 

partial derivatives of equation (11) with respect to θ and α and 

equating to zero, following score equations are obtained as 

𝜕ℒ(𝛼, 𝜃)

𝜕𝛼

=∑

[
 
 
 4𝑥𝑖

𝛼−2𝜃𝛼−3(𝑥𝑖
𝛼−2 log(𝑥𝑖) −

Γ′(𝛼−1)

Γ(𝛼 − 1)

(𝜃 +
4𝑥𝑖

𝛼−2𝜃𝛼−3

Γ(𝛼 − 1)
) Γ(𝛼 − 1)

]
 
 
 𝑛

𝑖=1

           (12) 

and  

𝜕ℒ(𝛼, 𝜃)

𝜕𝜃
=∑

[
 
 
 2𝜃

4 + 𝜃2
+
1 +

4𝑥𝑖
𝛼−2(𝛼 − 3)𝜃(𝛼−3)

Γ(𝛼 − 1)

𝜃 +
4𝑥𝑖

𝛼−2𝜃𝛼−3

Γ(𝛼 − 1)

𝑛

𝑖=1

− 𝑥𝑖

]
 
 
 
       (13) 

The Maximum Likelihood estimates 𝛼̂ 𝑎𝑛𝑑 𝜃̂  of the 

parameters  𝛼 𝑎𝑛𝑑 𝜃 respectively, can be obtained by solving 

iteratively Equations (12) and (13). We solve the non-linear 

equations numerically because they are not in closed forms, 

hence, they are complicated to solve algebraically. The R-

software [34] was used to solve the equations and obtain the 

parameters’ values. 

 

Simulation Study 

In this subsection, we evaluate the behaviors of 𝛼̂𝑀𝐿𝐸   and 

𝜃̂𝑀𝐿𝐸 of the NTGL distribution through a thorough simulation 

study. The study is carried out by generating random samples 

(with N=1000 iterations), say n = 50, 100, . . ., 1000, from 

NTGL distribution using the inverse cdf approach. 

The simulation study was carried out for the combination 

values α = 2.5, θ = 0.5; α = 10, θ = 1.0 and α = 10, θ = 5.0.  
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We considered two statistical tools to evaluate the 

performances of  𝛼̂𝑀𝐿𝐸  and 𝜃̂𝑀𝐿𝐸 . These measures included 

the bias and mean square error (MSE) with mathematical 

expressions given, respectively, by  

 

𝑀𝑆𝐸(𝜃̂𝑀𝐿𝐸) =
1

𝑁
∑(𝛼̂𝑖 − 𝛼)

2

𝑁

𝑖=1

 

and 

𝐵𝑖𝑎𝑠(𝜃̂𝑀𝐿𝐸) =
1

𝑁
∑(𝛼̂𝑖 − 𝛼 )

𝑁

𝑖=1

 

 

The above evaluation criteria are also computed for 𝜃̂𝑀𝐿𝐸 . 

The simulation results are presented numerically in Tables 2. 

From the simulation results of the NTGL distribution, we 

observed that: as n increases (i.e., as n → ∞): the estimated 

values of  𝛼̂𝑀𝐿𝐸  and 𝜃̂𝑀𝐿𝐸  converge to the true values, 

indicating stability. Additionally, the MSEs of  𝛼̂𝑀𝐿𝐸  and 

𝜃̂𝑀𝐿𝐸   approach zero. Additionally, the Biases of  𝛼̂𝑀𝐿𝐸 and 

𝜃̂𝑀𝐿𝐸   also decrease to zero. 

 

Table 2: The numerical illustration of the Simulation Study of the NTGL distribution 

 n Parameters MLEs MSEs Biases 

 

 

 

 

 

 

 

α = 2.5 

 

θ = 0.5 

50 α  

θ 

2.7318 

0.5665 

0.4043 

0.0348 

0.2318 

0.0665 

100 α  

θ 

2.6063 

0.5327 

0.1606 

0.0152 

0.1063 

0.0327 

150 α  

θ 

2.5791 

0.5235 

0.1079 

0.0106 

0.0791 

0.0235 

200 α  

θ 

2.5444 

0.5127 

0.0534 

0.0055 

0.0444 

0.0127 

300 α  

θ 

2.5295 

0.5097 

0.0301 

0.0032 

0.0295 

0.0097 

500 
α  

θ 

2.5161 

0.5049 

0.0139 

0.0017 

0.0161 

0.0049 

700 
α  

θ 

2.5111 

0.5037 

0.0095 

0.0011 

0.0111 

0.0037 

900 
α  

θ 

2.5083 

0.5022 

0.0062 

0.0007 

0.0083 

0.0022 

1000 
α  

θ 

2.5090 

0.5023 

0.0054 

0.0006 

0.0090 

0.0023 

 

 

 

 

 

 

 

 

α = 10  

 

θ = 1.0 

50 α  

θ 

10.0769 

1.0056 

1.7675 

0.0193 

0.0769 

0.0056 

100 α  

θ 

10.0091 

1.0003 

0.7477 

0.0083 

0.0091 

0.0003 

150 α  

θ 

10.0234 

1.0022 

0.5400 

0.0060 

0.0234 

0.0022 

200 α  

θ 

10.0500 

1.0050 

0.3588 

0.0041 

0.0500 

0.0050 

300 α  

θ 

9.9873 

0.9999 

0.2411 

0.0028 

-0.0126 

-0.0001 

400 α  

θ 

10.0209 

1.0010 

0.1877 

0.0020 

0.0209 

0.0010 

500 
α  

θ 

10.0020 

1.0007 

0.1300 

0.0014 

0.0020 

0.0007 

700 
α  

θ 

10.0042 

1.0001 

0.0945 

0.0010 

0.0042 

0.0001 

900 
α  

θ 

9.9927 

0.9995 

0.0714 

0.0007 

-0.0073 

-0.0005 

1000 
α  

θ 

10.0037 

1.0001 

0.0664 

0.0005 

0.0037 

0.0001 

 

 

 

 

 

 

50 α  

θ 

10.0468 

5.0670 

3.2404 

0.3193 

0.0468 

0.0670 

100 α  

θ 

10.0063 

5.0156 

1.0354 

0.1155 

0.0053 

0.0156 

150 α  

θ 

10.0155 

5.0105 

0.5395 

0.0653 

0.0155 

0.0105 

https://journals.ust.edu/index.php/JST
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α = 10  

 

θ = 5.0 

200 α  

θ 

10.0113 

5.0107 

0.2961 

0.0397 

0.0113 

0.0107 

300 α  

θ 

9.9981 

4.9939 

0.1141 

0.0157 

-0.0019 

0.0061 

400 α  

θ 

9.9967 

5.0013 

0.0643 

0.0090 

-0.0033 

0.0013 

500 
α  

θ 

9.9993 

5.0007 

0.0388 

0.0059 

-0.0007 

0.0007 

700 
α  

θ 

9.9992 

5.0004 

0.0091 

0.0011 

-0.0008 

0.0004 

900 
α  

θ 

9.9994 

5.0001 

0.0035 

0.0002 

-0.0006 

0.0001 

1000 
α  

θ 
9.999995 

4.9995 

0.0016 

0.0001 

−5.3 × 10−6 

-0.0005 

      

 

[V] APPLICATION OF REAL DATA ANALYSIS 

 

This section aims to demonstrate the effectiveness of the 

NTGL distribution using three real data sets. The 

performance of the NTGL distribution is compared with other 

competing models, namely: the generalized Lindley 

distribution (GLD1) by Nadarajah et al. [12], the New 

Generalized Two Parameter Lindley Distribution (NGTLD) 

by Ekhosuehi et al. [35], the quasi-Lindley distribution 

(QLD) by Shanker and Mishra [13] and the A new 

generalized Lindley distribution (GLD2) by Abouammoha et 

al. [14]. 

 

Description of the Data Sets  

The first data set (onward, it is expressed as Data 1) represents 

the remission times (in months) of 128 patients who were 

suffering from bladder cancer. This data set was originally 

reported by Lee and Wang [36]. The second data set represent 

the remission times (in months) of 36 bladder cancer patients 

reported in Hibatullah et al. [37]. The third data set represent 

the time-to-recovery (in days) of Covid-19 patients at Lagos 

state, Nigeria in 2020. It comprises of 553 patients. The 

secondary data were obtained through the Lagos state 

ministry of health. 

The Model’s Selection Tools  

In this subsection, we describe the key tools used to evaluate 

the performance of the NTGL and other competing 

distributions. The criteria considered in this paper were the 

Akaike information criteria (AIC), Consistent AIC (CAIC), 

Bayesian information criteria (BIC), and Hannan–Quinn 

information criteria (HQIC), with their mathematical 

expressions detailed as follows: 

𝐴𝐼𝐶 =  2𝑘 −  2ℒ, 

𝐶𝐴𝐼𝐶 = 𝐴𝐼𝐶 +
2𝑘(𝑘 + 1) 

𝑛 − 𝑘 − 1
, 

𝐵𝐼𝐶 =  𝑘𝑙𝑜𝑔(𝑛)  −  ℒ 

𝐻𝑄𝐼𝐶 = 2𝑘𝑙𝑜𝑔[𝑙𝑜𝑔(𝑛)]  −  2ℒ 

In the formulae of information criteria, the term k represents 

the model parameter(s), n indicates the sample size, and "ℒ" 
represents the Log-likelihood function.  

 

 

Table 3: The estimated values and model selection values for each data set 

Data Model 𝜶̂ 𝜽̂ -2logL AIC CAIC HQIC BIC 

bladder 

cancer 

patients; 

(n=128) 

 

NTGLD 2.1730 0.1252 826.7385 830.7385 830.8345 833.0561 836.4425 

NGTLD 1.1891 0.1247 826.8288 830.8288 830.9248 833.1463 836.5328 

GLD1 0.7336 0.1648 832.5718 836.5719 836.6679 838.8894 842.2759 

QLD 663.69 0.1069 828.6838 832.6839 832.7799 835.0015 838.3879 

GLD2 1.5890 0.1533 832.3136 836.3136 836.4096 838.6312 842.0177 

         

Bladder 

cancer I 

dataset 

(n=36) 

 

NTGLD 4.1345 1.2949 107.1145 111.1145 111.4781 112.2198 114.2815 

NGTLD 2.2531 0.8691 113.2435 117.2435 117.6071 118.3488 120.4105 

GLD1 1.8909 1.0731 107.4763 111.4763 111.84 112.5817 114.6434 

QLD 0.0387 1.0117 108.471 112.471 112.8346 113.5764 115.638 

GLD2 3.1159 1.3135 107.382 111.382 111.7456 112.4874 114.549 

         

*Covid19 

data 

(N=553) 

NTGLD 6.4393 0.5053 1651.907 3307.813 3307.835 3311.185 3316.444 

NGTLD 3.6344 0.3099 1701.766 3407.531 3407.553 3410.903 3416.162 

GLD1 2.2552 0.2595 1669.146 3342.292 3342.313 3345.664 3350.922 

QLD 0.0085 0.1954 1708.896 3421.793 3421.815 3425.165 3430.424 

GLD2 3.9631 0.3623 1665.38 3334.760 3334.781 3338.131 3343.390 
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*Data Source: Lagos state ministry of health 

Table 3 compares various models applied to three datasets: 

remission times of 128 bladder cancer patients, remission 

times of 36 bladder cancer patients, and time-to-recovery for 

553 Covid-19 patients. The models compared are the New 

Two-Parameter Generalized Lindley Distribution (NTGLD), 

New Generalized Two Parameter Lindley Distribution 

(NGTLD), Generalized Lindley Distribution 1 (GLD1), 

Quasi-Lindley Distribution (QLD), and Generalized Lindley 

Distribution 2 (GLD2). The performance metrics evaluated 

include the negative log-likelihood (-2logL), Akaike 

Information Criterion (AIC), Consistent Akaike Information 

Criterion (CAIC), Hannan-Quinn Information Criterion 

(HQIC), and Bayesian Information Criterion (BIC). Lower 

values of -2logL, AIC, CAIC, HQIC, and BIC indicate a 

better model fit, and NTGLD consistently achieves the lowest 

values (bolded) across all datasets. Overall, the NTGL 

distribution demonstrates superior performance in fitting the 

datasets compared to other models. It provides more accurate 

parameter estimates and better fit statistics, making it a robust 

choice for modeling lifetime datasets.  

 

[VI] CONCLUSION 

In this study, we propose a new model called A New Two-

Parameter Generalized Lindley Distribution (NTGLD). Its 

PDF plots demonstrate the flexibility of the NTGLD to model 

a wide range of behaviors, from sharply peaked distributions 

to broadly spread, multimodal shapes, depending on the 

parameter values. 

We derive the moments and the moment generating function 

and other mathematical properties of the distribution. 

Parameter estimation is estimated using the maximum 

likelihood method. Simulation results of the NTGL 

distribution indicate that as the sample size n increases, the 

estimated values of the parameters α and θ converge to their 

true values, with mean squared errors (MSEs) and biases 

approaching zero. This demonstrates the stability and 

accuracy of the estimators.  

From the quantile plot, it is observed that the median quantile 

decreases as θ increases, with more rapid changes at lower 

values of θ. Higher values of α consistently result in higher 

quantiles, highlighting the significant impact of α on the 

distribution's behavior. Applications to three real datasets, 

including remission times of bladder cancer patients and 

time-to-recovery of Covid-19 patients, demonstrate that the 

NTGL distribution provides better fits compared to other 

competing models considered.  

Although we acknowledge the value of possible extensions 

such as handling censored data, incorporating Bayesian 

estimation, regression-based modelling, or offering a public 

R package, such directions would significantly broaden the 

scope of this paper. These important developments are 

reserved for future work. For now, we focus on establishing 

the theoretical foundations of the NTGLD, consistent with 

common practice in distributional research. 
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