- A. M. A. Al-Qashbari, F. A. M. AL-Ssallal
- Volume 30, Issue (6), 2025

A Study of the M-Projective Curvature Tensor W]"-kh in

Generalized Recurrent and Birecurrent Finsler Spaces

A. Mohammed A. Al-Qashbari (1:2)

F. A. M. AL-Ssallal (2

Received: 29/03/2025
Revised: 28/04/2025
Accepted: 29/04/2025

© 2025 University of Science and Technology, Aden, Yemen. This article can
be distributed under the terms of the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original author and source are credited.

Al 3ale) (Soan el (e (it 35 ralt ¢ L gt 91ty aglatl aaels 2025 ©
Alzmatly Catgelly Mg (o pd ol ¥ £ Liall Jusido vy uns 3 gliel! Salelt

! Dept. of Math's., Faculty of Educ. Aden, Univ. of Aden, Aden, Yemen
2 Dept. of Med. Eng., Faculty of the Engineering and Computers, Univ. of Science & Technology, Aden, Yemen
*Corresponding Author’s Email: adel.math.edu@aden.net a.algashbari@ust.edu

Journal of Science https://journals.ust.edu/index.php/JST
and Technology

87


https://journals.ust.edu/index.php/JST
mailto:adel.math.edu@aden.net
mailto:a.alqashbari@ust.edu

A. M. A. Al-Qashbari, F. A. M. AL-Ssallal
Volume 30, Issue (6), 2025

A Study of the M-Projective Curvature Tensor W}kh in Generalized
Recurrent and Birecurrent Finsler Spaces

Adel Mohammed Ali Al-Qashbarit?

! Dept. of Math's., Faculty of Educ.

Aden, Univ. of Aden, Aden, Yemen

2 Dept. of Med. Eng., Faculty of the
Engineering and Computers, Univ. of
Science & Technology, Aden, Yemen

Email: adel.math.edu@aden.net &
a.algashbari@ust.edu

Abstract— This paper aims to examine the properties of the
M-projective curvature tensor in the context of generalized
Finsler spaces, specifically within the framework of a -space.
The study begins with the derivation of the M-projective
curvature tensor, which is expressed as the sum of the
standard M-projective curvature tensor and additional terms
involving the Ricci tensor and scalar curvature. Through
covariant differentiation, the behavior of this tensor under
certain conditions is analyzed, leading to a set of conditions
necessary for the space to exhibit generalized recurrent
Finsler properties. The paper includes multiple theorems that
explore these relationships, proving that the M-projective
curvature tensor satisfies the conditions for generalized
recurrent Finsler spaces. Additionally, the work introduces
the concept of generalized birecurrent Finsler spaces and
presents several characterization theorems. Finally, the
results are corroborated with computational formulations that
demonstrate the conditions under which the tensor
relationships hold true.

Keywords— The B -covariant derivative of first and second
orders, Generalized recurrent and birecurrent Finsler space,
Weyl tensor W, and the M-projective curvature tensor
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I. INTRODUCTION
The study of curvature tensors and their applications in
Finsler geometry has been a subject of considerable interest
due to their importance in understanding the geometric
properties of spaces. The M-projective curvature tensor,
denoted, is central to this paper, and its study within the
context of -spaces provides new insights into the geometric
structure of generalized Finsler spaces. These spaces are an
extension of classical Finsler geometry, incorporating more

general forms of curvature and torsion.
The main objective of this work is to investigate the
properties of the M-projective curvature tensor and establish
its connection to generalized recurrent Finsler spaces. A
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series of equations is derived that detail the behavior of the
tensor under covariant derivatives, leading to several key
results. These results are encapsulated in the form of theorems
that provide necessary and sufficient conditions for the M-
projective curvature tensor to define a generalized recurrent
Finsler space. Additionally, we introduce and explore the
concept of generalized birecurrent Finsler spaces, extending
the classical notion of birecurrence to a more general context.
The work culminates in the formulation of several important
conditions that must be satisfied for the tensor to adhere to the
structure of generalized Finsler spaces, thereby enriching the
understanding of the geometric properties of these spaces.
The theoretical foundation laid in this study paves the way for
future research into more complex geometric structures,
where such tensors play a crucial role in understanding the
curvature and torsion of higher-dimensional spaces. The
results presented in this paper have potential applications in
theoretical physics, particularly in the study of spacetime
geometries and general relativity, as well as in differential
geometry and mathematical physics.

The study of curvature tensors in Finsler geometry has
garnered significant attention over the years, with several key
contributions advancing our understanding of these geometric
structures. One notable area of research focuses on the
properties and applications of the w*-curvature tensor in
relativistic ~ spacetimes.  Abu-Donia, Shenawy, and
Abdehameed (2020) [1] investigate the w*-curvature tensor,
shedding light on its role in relativistic geometries, which
serves as a foundation for exploring more general tensorial
structures in Finsler manifolds. This study has influenced
subsequent work on curvature tensors in both general
relativity and specialized geometric spaces.

Ahsan and Ali (2014, 2016) [2, 3] provide a detailed analysis
of the w-curvature tensor, introducing fundamental properties
and implications for spacetime in the framework of general
relativity. Their work has been pivotal in understanding the
behavior of curvature tensors within both classical and
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relativistic contexts and has been further extended by
researchers working on higher-order curvature structures.
Al-Qashbari et al. (2025) [4, 5] have made significant strides
in the study of M-projective curvature tensors, focusing on
their decomposition and the role of Lie derivatives in
generalized Finsler spaces. Their contributions offer critical
insights into higher-order tensors, providing an extensive
analysis of the M-projective curvature tensor and its
transvecting forms in the context of Finsler geometry. This
has provided a rigorous framework for subsequent studies on
generalizations of Finsler spaces, especially in terms of
torsion and curvature structures.

The work of Al-Qashbari, Abdallah, and their collaborators
(2024, 2025) [6, 7, 8] explores generalized recurrent Finsler
spaces, utilizing both Berwald's and Cartan's covariant
derivatives to define and study higher-order curvature
tensors. These studies examine the interplay between torsion
and curvature, further enriching the theoretical foundations of
Finsler spaces, particularly in relation to the geometric
structures defined by Cartan’s covariant derivatives.

Further contributions by Misra et al. (2014) [9] and Goswami
(2017) [10] have examined recurrent Finsler spaces with
special curvature tensors, deepening the understanding of
higher-order geometric structures in these spaces. Misra et al.
analyze recurrent Finsler spaces with Berwald's curvature
tensor field, while Goswami's systematic review provides a
comprehensive overview of special Finsler spaces and their
differential geometric properties. These works collectively
provide a broad perspective on the evolution of curvature
tensor research, especially in the context of Finsler spaces.
Pandey, Saxena, and Goswami (2011) [11] focus on the
generalized H-recurrent spaces, offering an in-depth
exploration of their curvature tensors and their application in
various geometric settings. This work complements the
broader study of recurrent Finsler spaces, laying the
groundwork for further investigations into generalized
curvature structures and their implications in mathematical
physics. Rund (1981) [12] presents a classical text on the
differential geometry of Finsler spaces, offering foundational
principles that underpin much of the modern study in this
field. His work has influenced numerous subsequent studies,
including those investigating the advanced properties of
higher-order curvature tensors and their applications in both
pure mathematics and theoretical physics.

In this study, several identities are explored to establish a
relationship between Weyl's curvature tensor and the M-
projective curvature tensor. Initially, a comprehensive
introduction is provided to the foundational concepts of both
Weyl's curvature tensor and the M-projective curvature
tensor. Subsequently, a set of identities is driven that elucidate
the connection between these two tensorial structures,
contributing to the broader understanding of their geometric
properties.

1. PRELIMINARIES
In this section, we establish several key conditions and
definitions crucial for the development of the paper. The
metric tensor and Berwald's connection coefficients are both
positively homogeneous of degree 0 with respect to the
directional arguments.
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Consider two vectors y; and y' that satisfy the following
relations

Q) yi=gyy’ . b) yy'=F?and
c) &yl =y* (2.1)
The metric tensors g;; and gY are connected by the identity:
. 1 if i=k
.. jk = k = ’ ’
a) gl] g 61 {0 , if i+ k
b) gir&f =gr; and c) g6 =g, (22)
The torsion tensor C;j satisfies the condition:
Cijkyl = CijkyJ = Cijkyk =0. (2.3)

The covariant derivative Bijiof any tensor Tji with respect to
Berwald's connection is defined as

BT} = 0, T} — (0,T}) Gk + T/ GL — TGJj, . (2.4)
Additionally, the vector y* and the metrlc function F vanish
identically under Berwald's covariant derivative:

a) B,F =0 and b) B,y'=0. (2.5)
The metric tensor g;; is non-zero and satisfies
Bkgij =-2 Cijklh yh =-2 yhBhCijk . (26)

The curvature tensor ﬁch , torsion tensor
tensor Wji are defined as follows:
i

. ; .
jin Gy Hinkl + 5005 (n+1) ~ 0, Hyen

i - -
/ and deviation

i
ijh—

+ (nz 1)(n in + Hpj + y70;Hp,

(nz 5 (nHk+Hk] +yT0iHy,) (2.7)
— l y
e = * oD G [k
+2{( 2D (nHk] Y Hy )} (2.8)
W/ =H—H& - (H)(a H —0H)y" ., (29)
respectively. .
Moreover, we assume that the tensor W' satisfies the
following identities: _
Q) Wiyk=0 , b) W/=0, ¢ Wiy =0,
d) g W =W, , e g*W, =W and
f) Wyyk=0. (2.10)

The M-projective curvature tensor _jl}{h , torsion tensor W},
Ricci tensor W, , curvature vector W, and scalar curvature
W satisfy the following relations:

a) _l}chyj =W . b) Wiy =w;
C) ]kl. __Vij J d) Wkll = I/T/k '
e) W/=w and f) g,W, th =Wy - (2.11)

Cartan’s third curvature tensor Rjkh , Ricci tensor Rjy, , the
vector H, and scalar curvature H are defined as

a) Ry =H, , b)R, =R, R =R

d) gi-Rf =R,; and e) Hky =(n-1H (212
Al-Qashbari and AL-ssallal [6], Al-Qashbari, Haouse and
AL-ssallal [7] introduced and studied of curvature tensor by
using Berwald’s and Cartan’s first and second order
derivatives in Finsler space which characterized by the
conditions:

B Wjien, = 2 th +.um(aligjh - 5rilgjk)
+Zym(Wkgjh — Wigji ). (213)
https://journals.ust.edu/index.php/JST
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A Finsler space F, , in which the curvature tensor Wjﬁm
satisfies the condition (2.13), is referred to as the generalized
BW -recurrent space and denoted by G2 BW - RF,, .
Taking the covariant derivative of (2.13) with respect to x! in
the context of Berwald's connection, we obtain:

BB Wiien = (Bl/lm? Jhen + Am(Bleich) .
+(B, Hm)(szlcgjh - 6;ngk) + umBl(dllcgjh - 6;lgjk)
1 . ; .
+;Ym((BzW1§)gjh + Wi (Bigjn) — BIWDGji —
Wi (Bgji))
1 . .
+5 Bu¥m) Wigin — Wigjie ). (2.14)
By applying equations (2.6) and (2.13) to equation (2.14), we
get
BleW}fkh = Ale\Gikh + Am (lllelkh + W (&igjh -

5rilgjk) + %Vl(Wkigjh - Wiigjk))
+ Hmz(51icgjh - 5}19;’1{) — 2umByy1? (&ithl -
84Cirat) +% Yu(Wigin — Wigjx)
+%Vm((BLW1§)gjh - (BzWﬁ)g/‘k)

- % Vmquq(WIéthl - ercjkz) .
Or

BBy Wiien = Ay + AnA) Wik

+ (Mo + Aml’-l)((sligjh - 5fizgjk)
+%Vm((BlWIé)gjh - (BIW}i)gjk)
+i(/1m]/l +Ym) (Wigjn — Wigix)
—21mBay (6kCint — 64 Cjia )

—= Y BeY (WiCiny = WiCjra) - (2.15)
The equation (2.15), can be expressed as:

Blele}ch = amlW}l}ch + byt (819 — 61951)
+£le(Wkigjh —Wigj)

+ iym((Bkai)gjh — (BWi)gji)

—21m By (6kCint — 61.Cjrar)

—% YmBay (WECin — WiCia) - (2.16)

Where Am1 = Aml + /‘lml‘ll y bml = W + Amul and Cmi =
AmY1 + Y @re non-zero second order covariant tensor fields,
¥m and p,, are non-zero first order covariant vector fields,
respectively.
Definition 2.1. In a Finsler space where the Weyl’s projective
curvature tensor Wj‘}m satisfies the condition (2.16), it is
referred to as a generalized BW-birecurrent space. The tensor
is called a generalized B-birecurrent tensor. These spaces and
tensors are denoted as G>"“BW — BRE, and G*™B — BR,
respectively.
Characterization of M-Projective Curvature W]‘:kh and
Deviation Tensors in G2Z"dBW — RF, Spaces and
G2Z"dBW — BRF, Spaces

This paper focuses on the characterization of the M-

projective curvature tensor V_I/J;h and deviation tensors in the
context of generalized Finsler spaces, specifically within the

framework of G*"4BIW — RF,, spaces. We aim to explore the
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geometric properties and structural relationships of these
tensors, providing a comprehensive analysis of their roles in
describing curvature and deviation phenomena in higher-
dimensional Finsler geometries. The study contributes to the
understanding of M-projective curvature in relation to
generalized Finsler manifolds and offers insights into their
potential applications in advanced differential geometry and
theoretical physics.

Some properties of jﬁch curvature tensor was proposed by
Al-Qashbari, Abdallah and Al-ssallal.

For (n = 4) a Riemannian space, the M-projective curvature

tensor W, is given by
L .
Wiien = Wign + g(Sﬁth + 5ilszk)
1 . .
—=(9jnRic + 9jxRp) - 3.1)

By taking the covariant derivative of (3.1), with respect to x™
in the context of Berwald we get

. __ . 1 i i
BnWin = Bm Wiien, = < [(Bmgjn)Ric + 9jn(BmR})
+(Bmg,-k)R;il + gjk(BmR;'l)]

+= By (8% Rjn + 84 Rje)- (3.2)
Using (2.6), in the equation (3.2) can be written as
BruWiin = BnWiien + %Bm(&i Rin + 6L Rjx)
—=(9in(BmRY) + gj1(BrR}))
+ § B,y (RiCinm + RiCixm )- (3.3)

By substituting equations (2.13) and (3.1) in to (3.3), we
obtain:

. 1 . ; 1 1
B Wiien + = Bm(8i Rin + 84 Rjxe) — 2 (9jn(BmRi) +
9ix(BmR1)) + < By (RiCinm + Ri.Cjiom )
J—— 1 . .
= A Wiien + 2 Am(8kRjn + 81Rjx.)
1 . . . .
— 5 Am(ginRi + 9juR1) + 1 (8egm — g ) +
1 . .
Zym(Wkngh - Wigp) - (3.4)
Alternatively, this can be expressed as:
BmVT/jl}(h = Aml/l_/jl}ch + Mm(6lftgjh - Siilgjk) +
1 . . 1 . .
“Ym(Wigjn — Wiigjx) = < Bm(8k Rin + 84 Rix)
1 , .
+2(9jn(BmRL) + gk (BuR}))
1 ) .
_5 quq (RILchhm + R;lcjkm)
1 . . 1 . .
This demonstrates that
BmW,-l}ch = lmWf}ch + tm (6% gjn — 619ji)
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+ %Vm(wkigjh —Wigji)

— = Boy (RkCjnm + R}.Ciiem) (3.6)
If and only if

B (8L Rin + 85 Riy.) = A (8L Rin + 8L R;y.)

By R = AmR), , where g;, #0 ,and

BuR}, = AR}, , Where gj # 0 . (3.7)

In conclusion the proof of theorem is completed, we can
determine

Theorem 3.1. In the space G?"4BW — RF,, the M-projective
curvature tensor _jl}(h represents a generalized recurrent
Finsler space, provided that the condition (3.7) is satisfied.
By transecting equation (3.5) with y/ and utilizing equations
(2.11a), (2.5b), (2.1a), (2.3) and (2.12a), we obtain the
following result:

Bmwkih = Akaih + ﬂm(gﬁyk - 6liyh)
1 . . 1 . .

+ ZVm(Wklyh - Wiy ) — gBm(‘Szlc Hy + 6} Hy,)
1 . .

+=(Vn(BnRL) + yi(BrR}))

+ = A (8 Hy, + 84 Hi) = = An(VnRE + YiRE). (38)
This demonstrates that

Bkaih = Akaih + #m(all;yh - Sfilyk)

+%Vm(Wkiyh — Wiy )- (3.9)
If and only if

B (8% Hy + 8 Hy) = A (8E Hy + 8 Hy),

BmRL = A,RL ,where y, # 0 ,and

BmRL = AnRL ,where y, #0 . (3.10)

Therefore, the proof of theorem is completed, we conclude
Theorem 3.2. In the space G*"4BW — RF,), the M-projective
torsion tensor W}, (M-projective curvature tensor VT/}-‘kh)
represents a generalized recurrent Finsler space, provided that
the condition (3.10) is satisfied.
By transvecting (3.8) with y* and applying (n = 4), along
with equations (2.11b), (2.5a), (2.5b), (2.1b), (2.10a), (2.1c)
and (2.12¢), we obtain the following result:
BmWi: = /lmWi; + rum(inh - 6;1F2)
1 . 1 . .
=2 Ym[WiF? | + - (Va(BnRIY* + F*(BnR}))
1 . . 1 . .
— =B (y'Hp + 384 H) = = A (¥R ¥* + F* R},)
+ = A (Y Hy + 381 H) . (3.11)
This demonstrates that .
Bmwft = lmWii + ﬂm(yiyh - 5;1F2)
h .
- Z)/m [W};Fz ] .
If and only if
B (y'Hy + 38, H) = Ap(y'Hy + 385 H),
BmRL = A,RL , wWhere y,y* #0 , and
BnRj, = AR, , Where F2#0 .
Thus, the proof of theorem is completed, we conclude

Theorem 3.3. In the space G2"4BW — RF,, the M-projective
deviation tensor ;! represents a generalized recurrent Finsler

(3.12)

(3.13)
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space if the tensors (y'H, + 36,H ) and (y,RL y* + F?R})
are generalized recurrent Finsler spaces.

By contracting the indices iand h in the equations (3.5),
(3.8) and (3.11), and utilizing equations  (n = 4), (2.2a),
(2.1a), (2.1b), (2.10b), (2.10c), (2.10d), (2.12c), (2.12d),
(2.12e) and (2.1c), in conjunction with (2.11c), (2.11d) and
(2.11e), we obtain the following result:

— — 1

BmM/}‘k = AmVij + lflm(l - n)gjk + Zym[vvjk]
1 1

+3 ((Bijk) + 9jk (BmR)) - gBm(l + n)Rjy

1 1
+g/1m(1 + )R — g/lm(Rjk +9gjxR)

—% B,y (RECjim + R Citem) - (3.14)
This demonstrates that

By Wy = AWy + (1 =) gjsc + i]’m[ij]

- § B,y (RECjim + R Ctam )- (3.15)
If and only if

By Rjx = AmRj , and

BnR=4,R ,where gj, #0 . (3.16)
and

BuWy = 1Wi + (1 — 1) vy

+5 0Bl + Ye(BuR)) = B (1 + mH,

== Am(ViRE + YiR) + < A (1 + W) H . (3.17)
This demonstrates that

BuWy = LWy + iy (1 — 1) yy. (3.18)
If and only if

BnRL = AR ,where y; #0 ,

BnR =AnR ,where y, #0, and

By, Hy = A, Hy . (3.19)
In the last

B W =1, W + u,,(1 —n)F?

+= (VY (BRE) + F2(ByR)) =5 (1 + n)By H

— = A (ViRE V¥ + F2R) +5 A (1 + )H. (3.20)
This demonstrates that

B W =1, W + u, (1 —n)F2 (3.21)
If and only if

BmRL = A,RL ,where y;y* #0 ,

BnR = A,,R ,where F? #0,and

BnH = A,H. (3.22)

In conclusion the proof of theorem is completed, we can say
Theorem 3.4. In the space G?"9BW —RF, , W — Ricci
tensor W, , vector W, and scalar W are defined in equations
(3.15), (3.18) and (3.21), respectively, if and only if the
conditions in equations (3.16), (3.19) and (3.22) are satisfied.

We introduce a new class of Finsler spaces, namely,
generalized birecurrent spaces. These spaces generalize the
concept of birecurrence to a broader setting and exhibit
geometric properties. We investigate the curvature tensor of
these spaces and establish several characterization theorems.

https://journals.ust.edu/index.php/JST
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Thus, this paper focuses on what is called the covariant
derivative of second order.

By taking the covariant derivative of equation (3.3), with
respect to in the sense of Berwald, the following results are
obtained:

. _. . .
BiBinWjin = BiBuWikn + ngBm((gch Ry, + 8}, Rjy.)
1 . .
—2B (9jn(BmRL) + 9jx(BmRY))
1 . .
+3 ¥9ByBi(RiCinm + Ri.Cjkm) -
Or
. . .
BBuWjin = BiBn Wiien — 7 (Bugjn) (BRI +
9in(BiBmRy) + (Bigji) (BmRy) + gjk(BleR;l))
1 . .
+= BBy (8% Rin + 65 Rix))

(3.23)

+2 Y4B By (R Cim + RhCjem ) - (3.24)
The equation (3.24) can be expressed as

BB Wi, = BB Wjin — < (9jn(BiBmRY) +
9 (BiBmRY)) + = BBy (6% Ry + 54 Ryx) —
=((BLgjn) BuRL) + (Bigj1) (BnR})) +
= Y4By By(R}:Cim + RhCem ) - (3.25)

Using equation (2.6), equation (3.25) can be rewritten as
follows:

. _. .
B BuWjin = BiBnWiin — % (9jn(BBmRi) +
. 1 . .
9jx(BiBnRE)) + ngBm(Szlc Rin + 6} Rjx.)
) . .
+§ ququ(Rllchhm + Rlacjkm)
1 . .
+3 By (Cini (BmRE) + Cita (BmRE)) -

Similarly, by applying equations (2.16) and (3.1) in (3.26),
we obtain the result:

BB Wiien + %Ble(Sli Rin + 8, Rix.)
- % (9jn(BiBnRY) + gji(BiBnRE))
+§ By (thz (BmRk) + Cira (BmRiil))

1 . . .
+3 ququ(RIlchhm + R;lcjkm) = Wi

(3.26)

+ = i (8L Rin + 65 Rye) + b (8E9jn — 619)
- %aml(gthlic + gjkR})

=3 YmBay (Wi = WiGya)

+%cml(Wk"gjh - W,fgjk)

+<¥m (gjh (BW) — g (Bszf))

~21mBey*(8kCim — 1.Cjia )- (3.27)
Alternatively, the equation (3.27) can be expressed as:

BBy Wien = @nuWiien + b (8% 9jn — 6491
L . .
+5Cmi (Wigin —Wigjx )

[ ]
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+i]’m (gjh (BW{) — gjx (Bthi))
—ZHmquq (alicjhl - 5}15}1(1)
—= ¥9ByBi(RCjnm + RhCrem )
+ % At (8% Rijn + 85, Ri) = %aml(gthlic + gjkR})
— = BB (65 Rin + 64 Ry)
+% (gjh (B/BnRi) + Jjk (BleRfil))
=2 Byy? (Gt (BiRL) + G (BrR},) )
_i Ymquq (Wkithl - W}%.Cjkl) .
This demonstrates that
BB Wiin = @muWiien, + by (6k 9jn — 61g51)
+ i le(Wkigjh - Whigjk )
+ %Ym (gjh (BWy) = 9jx (BlWii))
—2WnByy1? (&i@‘hz - 5riijkz)
=21,y By (8% Gy — 64 Cirar )
—2 Y Bay (WiCiry = WiCir )
—= Y4B Bi(RCinm + RhCem )
=2 B,y (G (BRL) + G (BuR1))
If and only if
BB (85 Rjn + 8% Rji) = @i (8% Rin + 8L Rix.)
B/ BnRi = apRi ,Where g;, #0 , and

(3.28)

(3.29)

BB R}, = amR), ,where gj #0 . (3.30)
In conclusion the proof of theorem is completed, we can
determine
Theorem 3.5. In the space G*"“BW —BRF,, the M-
projective curvature tensor W, defines a generalized
birecurrent Finsler space if and only if the condition in
equation (3.30) is satisfied.
By transvecting equation (3.28) with y/ and utilizing
equations (2.11a), (2.5b), (2.1a), (2.3) and (2.12a), we obtain
the following result:
BBuWin = @nuWiin, + by (8% Y — 6 ¥ic)
1 . .
+ 2 Cml (Wiyn — Wiy )
1 i i 1 i
—gBle((S,f, Hy, + 8, Hy) + g()’h(BleRilc) +
. 1 . .
Yk(BBmR})) + gaml(aﬁ Hy, + 6}, Hy)

) . . 1 .
- gaml(thIlc +YeRE) + ZYm(yh(‘BkaLt) -

Yk (Bthi)) : (3.31)
This demonstrates that

BB Win = @y Wiy, + byt (85 — 6331)

+ %le(Wléyh — Wik

+ 2V BWD — yie BW)). (3.32)

If and only if
fBle((S]i Hh + 5;,' Hk) = aml(é‘}; Hh + 6;1 Hk) y
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L

B,B,R. = a,uR. ,where y, #0 , and

BB, R: = ap, R, , Wherey, #0 . (3.33)
Therefore, the proof of theorem is completed, we conclude
Theorem 3.6. In the space G*™4BW — BRF,, , the covariant
derivative of the second orders for the M-projective torsion
tensor W, (M-projective curvature tensor I/T/jl}(h) defines a

generalized birecurrent Finsler space if and only if the
condition in equation (3.33) is satisfied.

By transvecting condition (3.31) with y* and applying
(n = 4), along with equations (2.11b), (2.5a), (2.5b), (2.1b),
(2.10a), (2.1c) and (2.12¢e), we obtain the following result:
BBnWy = @miWy + by (y'yn — 64F?)
1 i 1 i
- Zcml(Wi;Fz) _ZVmFZ(BlWPD
1 ) .
% (yay*(BiBwRE) + F2(B;B,R}))
+ BBy, (y'Hy, + 35, H)
1 ) .
+ gaml(Ythlc y* +F?R})
—%aml(yiHh + 36;1, H)
This demonstrates that
BBy Wi = aymiWy + byt (¥ yi — 64F?)
1 i 1 i
- ZCmI(FZWf:) _ZYmFZ(BlW}D .
If and only if
BB (ViH, + 38 H) = apy(y'Hy + 361 H),
B,B,,RL = a,R. , where y,y* #0, and
B,B,,RL = a,u R, , where F2#0 . (3.36)
Therefore, the proof of theorem is completed, we can say
Theorem 3.7. In the space GZ“dBVTI — BRF, , the M-
projective deviation tensor W, represents a generalized
birecurrent Finsler space if the tensors (y‘H, + 36} H)
and (y,RL y* + F2R}) are generalized birecurrent Finsler
space.
By contracting the indices i and h in the equations (3.28),

(3.31) and (3.34), and utilizing equations (n = 4), (2.2a),
(2.1a), (2.1b), (2.10b), (2.10c), (2.10d), (2.12c), (2.12d),

(2.12e) and (2.1c), along with the relations in equations
(2.11c), (2.11d) and (2.11e), we obtain the following result:

— — 1
B BinWik = anuWiy + by (1 = 1) gjic + 7 cru Wi

(3.34)

(3.35)

1 1
—2(1 + BBt + = ((BBmRi) + gy (BBR))
1 .
—3 Bgy? (Cjil (BnRE) + Cint (BmR))
1 1 i
+=am (1 + Ry =3 ¥*ByBi(RiCjim + RCjym)
1 1 i
+ ZVmBlVij ) Vmququl Cjil
1
2y 9By (1 = n)Cjy — gamz( Ry +gjxR).  (3.37)
This demonstrates that
- — 1
BiBuWik = @nuWiy + by (1 = n)gjic + 7 cruWie
1 1 i
+Z VmBlVij ) Vmququl Cjil
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1 .
3 yq‘Bqu(RILchim +R Cjkm)

—§ By (Cjil (BmRi) + Gt (BmR))

=2y IBe(1 = n)C g - (3.38)
If and only if

B/ BmRjk = apmRj , and

B/BnR = a;y R, Where g #0 . (3.39)

And BBy Wy = @y Wy + by (1 — n)yy
1 ; 1
+3 (yi (BiBmRy) + vk (BleR)) ~3 (1 4+ n)B,B,,Hy

—éaml(yiR,"c +yR) + %am,(l +n)H, . (3.40)
This demonstrates that

B BuWy = amuWy + by (1 — 1) yy. (3.41)
If and only if

Ble Hk = amlH,? y

B/BnR; = a Ry , where y; #0, and

B;B,R =a,;,R , where y,#0. (3.42)

In the last
BleW = amlW + bml(1 - TL)FZ
—= (VY (B BwR) + F2(BByR)) +5 (n + BB, H

+%aml (yl-R,fc yk +F?R) — %aml (n+ DH. (3.43)
This demonstrates that

BleW = amlW + bml(n - 1)F2 . (344)
If and only if

BleH = amlH,

B,B,,R. = a,,yR. , where y;y* # 0 ,and

B,B,R = a,yR ,where F2 0. (3.45)

In conclusion the proof of theorem is completed, we can say
Theorem 3.8. In the space G?*™BW — BRE, , the M-
projective Ricci tensor W, , vector W, and scalar W are
defined in equations (3.38), (3.41) and (3.44), respectively,
provided that the conditions in equations (3.39), (3.42) and
(3.45) are satisfied.

By transvecting equation (3.28) with g;. and utilizing
equations (2.2b), (2.10d), (2.12d) and (2.11f), we obtain the
following result:

Bleerkh = amlerkh + by (grk gjn — grhgjk)
_%Ble(grkth + 9o Rix)
+% (gjh (ByBmRri) + gk (BleRrh))
—é yiB, (thl(BmRrk) + G (BmRrh))
=3 ¥ B Bi(ReiCGinm + RenCiiom )
+%aml(grkth + grn Rix) — %aml(gthrk + gjx Ren)
+%Ym((Bzer)gjh - (BW, )9k )
+ % cmt(WeiGjn — Wrngjx )
—% YmBaY ! (WricCint = WynCira )
20y By (grcCint = 9rnCita ) -
This demonstrates that

(3.46)
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BB Wy jkn = AWy jin + bi(Gric 9jn — Grnjr)
1
+Zym((Bler)gjh — (BiW,n)gjic)
1
+ ;sz(ergjh ~ Wy gjx )
1
= 5 YmBgy? (Wi Ciny = Wy Ciry)
—2mY By (9riCint — GrnCika)
1
=2 Y78, (CuBmRpic) + Ciet (BuRen))
1
3 ququ (Rrijhm + Ryp Cjkm ) (3.47)
If and only if
Ble(grkth + Grn Rjk) = aml(grkth + Grn Rjk) )
BleRT‘k = amerk ,Where g]h * 0 ,and
BleRrh = amerh' where gjk *0.
Thus, the proof of theorem is completed, we conclude

Theorem 3.9. In the space G*"*BW — BRE,, M-projective
associate tensor W, .,
(M-projective curvature tensor V_I/J;h ) characterizes a

generalized birecurrent Finsler space, provided that the
condition (3.48) is satisfied.

(3.48)

CONCLUSION

This paper introduces and explores several new
properties of the M-projective curvature tensor, I/T/]’kh in the
context of Finsler geometry, specifically within the
framework of generalized recurrent Finsler spaces. By
deriving a series of equations and theorems, we have
demonstrated the underlying relationships between various
curvature tensors and their conditions for being generalized
recurrent Finsler spaces.
The key findings of the study are as follows:
1. Generalized Recurrent Finsler Spaces: We have established
that in the space G?"*BW — BREF, , the M-projective
curvature tensor V_kah represents a generalized recurrent
Finsler space, provided that certain conditions, such as
equation (3.7), are satisfied. This is crucial as it extends the
concept of recurrent Finsler spaces and provides a deeper
understanding of their geometric properties.
2. M-projective Torsion Tensor: Through detailed derivations
and the application of transvection techniques, we showed
that the M-projective torsion tensor I/T/j;h in a similar manner
also represents a generalized recurrent Finsler space, subject
to specific conditions (3.10). This adds a new layer to the
study of torsion tensors in Finsler geometry, highlighting
their potential to model more complex geometric structures.
3. Deviations in Geometrical Properties: The study also
presents a comprehensive approach to the M-projective
deviation tensor W . By incorporating deviations into the
curvature analysis, we have established that the deviation
tensor represents a generalized recurrent Finsler space under
conditions (3.13), thus providing a more generalized
framework for the classification of Finsler spaces.
4. Curvature Tensors and Their Interactions: By examining
various covariant derivatives and transvecting equations, we
have also shown how the covariant derivatives BmVT/jﬁm and
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BleVT/j‘}(h contribute to understanding the interplay between
different curvature tensors in the context of generalized
recurrent Finsler spaces. The results underscore the
importance of these interactions in establishing a more robust
classification of Finsler spaces and contribute to the
understanding of their broader geometric properties.

5. Implications for Birecurrent Finsler Spaces: The concept of
generalized birecurrent Finsler spaces is introduced,
providing an extension to the classical idea of birecurrence.
This new class of spaces offers an enriched set of geometrical
structures with applications in higher-order differential
geometry and theoretical physics, particularly in the study of
spaces with more intricate curvatures and torsions.

6. New Theorems and Classifications: The paper provides the
proof and theorems associated with the space G*"4BW —
BRE, and the conditions under which the M-projective
curvature tensor and its derivatives define generalized
recurrent or birecurrent Finsler spaces. These results extend
the existing framework of Finsler geometry by providing
more generalized conditions for classification.

In conclusion, the results of this study open several new
avenues for future research, particularly in understanding
more complex and higher-dimensional Finsler spaces and
their applications. The proposed definitions and conditions
lay the groundwork for further investigation into generalized
recurrent Finsler spaces, M-projective tensors, and their
relations to curvature, torsion, and deviation. Moreover, the
introduction of generalized birecurrent spaces offers a
promising direction for the exploration of spaces with highly
intricate geometric structures.

RECOMMENDATIONS

Based on the comprehensive derivations and proofs
established within this study, the following recommendations
are proposed for future research directions in the study of M-
projective curvature tensors and generalized Finsler spaces:
1. Further Analysis of Generalized Finsler Spaces:

The results obtained for generalized recurrent Finsler
spaces, specifically in relation to the M-projective curvature
tensor _jl}(h , offer potential for further investigation. Future
studies could explore additional conditions under which these
spaces exhibit notable geometric properties such as curvature,
torsion, and deviation. It would be beneficial to extend the
characterization of these spaces to higher-dimensional
settings (i.e., beyond (n = 4) and analyze their applications
in complex geometries.

2. Refinement of Covariant Derivatives in Second-Order
Calculations:

In this work, we have introduced covariant derivatives
such as BleI/T/jl}(h and related expressions. These derivatives
offer a systematic approach to studying the geometry of M-
projective tensors. However, more advanced techniques
could be developed to refine the computational process,
particularly for higher-order covariant derivatives. Exploring
the use of alternative differential operators might yield more
efficient methods for deriving related geometric invariants.
3. Potential Applications to Generalized Birecurrent Spaces:

The concept of generalized birecurrent spaces is
introduced as a potential extension of classical birecurrent
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Finsler spaces. This new class of spaces requires deeper
exploration of its geometric and physical interpretations,
especially in contexts where Finsler spaces with curvature
constraints are applicable. We suggest investigating the
applicability of these spaces in areas such as theoretical
physics, where the structure of spacetime may be modeled
using advanced differential geometry.

4. Numerical Simulations and Computational Methods:

While the theoretical framework presented in this paper
provides a solid foundation, numerical simulations could
offer insights into the practical implications of the results.
Computational methods for solving systems of differential
equations governing the M-projective curvature tensors may
lead to new insights into the behavior of generalized Finsler
spaces under various boundary conditions. This would further
enhance the understanding of the relationship between
curvature tensors and geometric properties in high-
dimensional spaces.

5. Integration of Torsion and Curvature in Physical Models:

Torsion and curvature play a significant role in the study
of differential geometry, particularly in the context of general
relativity and other physical theories. Future research could
focus on how these tensors interact in the context of Finsler
spaces with torsion, especially when considering specific
models of spacetime or material media. The results of this
study, especially the properties of V_I/];h and its transvecting
forms, could serve as the foundation for developing new
models of physical phenomena.

6. Extension to Non-Riemannian Geometries:

The framework of M-projective curvature tensors could

also be extended to non-Riemannian geometries, such as
those encountered in quantum gravity and string theory. By
relaxing some of the assumptions inherent to classical
Riemannian geometry, future studies could explore how
curvature tensors behave in more generalized spaces and
whether this yields new insights into the fundamental nature
of space and time.
These recommendations aim to guide future investigations
into the properties and applications of generalized Finsler
spaces and M-projective curvature tensors, contributing to
both theoretical advancements and practical implementations
in geometric and physical models.
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