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Abstract— The Beta function and its extensions play a
crucial role in the study of some special functions; several
researchers have introduced and investigated various
extensions of this important function. In this paper we present
further extensions of the Beta and the Gauss hypergeometric
functions. We also explore some of their properties, derive
integral representation, and establish summation formulas.
Furthermore, we investigate the relationship between these
generalized Beta functions and other special functions, such
as the Fox Wright function, Fox's H-function, and generalized
hypergeometric function.

Keywords— Beta function, Extended Beta function,
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I. INTRODUCTION
We start with the classical Beta and Gamma functions defined
respectively as follows (see [22], [27]):

1

B(x,y) = f w11 —w)¥ tdu, (1.1
’ (Re(x) > 0,Re(y) > 0),
and
I'(x) = f u*le % du, (Re(x) > 0). (1.2)
0
rx)r
B(x,y) = %, (Re(x) > 0,Re(y) > 0). (1.3)

The Gauss hypergeometric function and its integral
representation defined respectively as follows (see [22, p.
85]):

(@ (B)n 2"

2Fi(a,Bry;z) = nzown!, (1.4)
(lzl < 1,a,8,y€eCandy + 0,—-1,-2,-3, ...),
Fy(a By 2) = re)
S N DI aT))
X f uP1(1 —w) A 1(1 - zu)~%du, (1.5)
0

(Re(y) > Re(B) > 0,|larg(1 — 2)| < m).

The Mittag-Leffler function and its diverse generalizations are
important, in particular, in connection with the theories of
fractional calculus and special functions.
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Various researchers have presented and explored several
extensions and generalization of Gamma and Beta functions
related to the Mittag-Leffler function have been investigated
(see [1-12], [14-8], [13-17], [18-21], [23-27]).

Shadab et al. [26] introduced a new extension of Beta function
as:

By (x,y) = fo w11 —uw)YE, (— m) du, (1.6)
Where Re(x) > 0,Re(y) >0 and E,(.) is the Mittag-
Leffler function is defined as follows: (see [17])

(o] Zn
Ea(Z) = ;m, RE((X) >0, z € C. (17)

Obviously, for a = 1,p = 0,(1.6) reduces to (1.1).
In the same paper, they defined the following integral
representations of extended hypergeometric function as:

E'(a,B;y;z) =

1

p

BB,y —B)
—-p

X J; uﬁ_l(l - u)y_ﬁ_l(l - Zu)_“Ea (m) du,
(1.8)

(Re(p) > 0,Re(y) > Re(B) > 0,|larg(1 — 2)| < m).
Obviously, for @ = 1,p = 0, (1.8) reduces to (1.5).
Goyal et al. [10] provide the following extension of Beta
function by treating the Waiman function (two parameter's
Mittag- Leffler function) as kernel:

By i, ()

- -Llux—l(l — w7 Ey, k, <_ d )) du, (1.9)

u(l—u
Where Re(x) > 0,Re(y) > 0, ky,k, € Ry, and Ej 4,(.) is
defined as (see [26])

ZTl
E =) —- .
kaiea (2) Z) T (eon + ky)
n=

Al Gonah and Mohammed [2] used the generalized Mittag-
Leffler function introduced by Prabhaker to present the
following extended of Beta functions as:

B,"" (x,y)

1
_ _ p
— x=1(1 _ £\¥y-1 ¥ _
jo 1= 07 B (s dw
Where Re(x) > 0,Re(y) > 0,Re(a) > 0,Re(p) =0, and
Egﬁ (.) is Mittag-Leffler function which defined in Prabhakar
[21] as:

(1.10)

(1.11)

Journal of Science
and Technology

38


https://doi.org/10.20428/jst.v30i5.2838
https://doi.org/10.20428/jst.v30i5.2838
mailto:Maisoonkulib@gmail.com

39

M. A. H. Kulib, F. B. F. Mohsen
volume 30, Issue (5), 2025

n

EY () = Wn_2 (1.12)

_OF(an+B)E'
Where Re(a) > 0,a,8,y €C.

Abubakar and Kabara [1] study and studied the following
extended Beta function by using the four- parameter Mittag-

Leffler function (Salim function):

k D
k:k2k3(x y)

p
- f 1w RS, ( T )) du, (1.13)
Where Re(x) > 0,Re(y) > 0,ky, ky, ks, ky € RS, Re(p) >
0.
and E,’\f:’kz’k3 () is defined as follows:(see [24])

k4 _ (kS)n n
B = ) Gyt T
Where,
ki, ko, ks, ky € C,Re(ky) > 0,Re(k,) > 0,Re(ks)
> 0,Re(k,) > 0.
Dudi and Abubakar [7] study another extension of Beta

functions related to the generalized Mittag-Leffler function

k3,k4,q9
Bkik;p,w (x, y)

1
_ g1 _ -1 pkakaq (@
- fo w1 - B (— o) du (115)
Where,Re(x) > 0,Re(y) > 0,ky, ky, k3, ks €ERS, 0 =0,

(1.14)

Ec3ex4 () the generalized Mittag-Leffler function is
introduced by Salim and Faraj, as follows: (see [25])
prakad — (k3)gn z",
1.1
Brasan O = 2, Gyl Gan 1) (10
Where,

ki, ko, ks, ky € C,min{Re(k,), Re(k,), Re(k3), Re(ky)}
>0,p,q >0,qg < Re(ky) +p.
Throughout this paper, we need the following well-known
facts and rules.
Wright generalized hypergeometric function (Fox- Wright
function ,, ¥, )(see [27])

(aliAl) (ap; q) ]
(:81!31) ('BCI’ q)
_ P T(aj+Am)zt
= Xn= OW: (1.17)
where the coefficients A; e R*(j=1,..,p) and B; €
R*(j =1, ...,q)such that
1+ZB ZA > 0.
A special case of (1 17) reduce to the generalized

hypergeometric function ,, F,

(a1, A1), ..., (ap, A q)

(Bu B, s (B Bo)i

_ H7=1F(aj) Ay, eeey App;
S,y P [/31' ---'ﬁqiz '

(1.18)

Fox- H- functlonH (see [13])
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mn[ (allal) (ap’aq)
H
(b1, B0, -, (Bg, By)
1 f H] 1F(bJ+BJS)H1 1F(1_aj+ajs) Z_SdS (119)

27n L H? m+11“(1—bj—ﬁjs)l'[?znﬂl“(aj—ajs)

2. FURTHER EXTENSION OF BETA FUNCTION AND ITS
PROPERTIES
In this section, we define a new generalization of Beta
function as follows:
Definition 2.1. The Further extension of extended Beta

function is defined as:

k3,k4,9,02
Bk1.k2,p.w1 (x, y)

= (Yyx-101 — 1 pkakeq (01 _
= W A W e (-2 - ) du, (21)

WhereRe(x) > 0,Re(y) > 0,Re(w,) > 0,Re(w,) > 0,

ki, ko, ks, ks € C, min{Re(k,), Re(k,), Re(ks), Re(ky)} >
0,p,g>0,qg <Re(k;)+p and Ekfk:; (.) is the
generalized Mittag- Leffler function defined in (1.16).

Remark 2.1. Note that:
(i) If w; = w, then (2.1) reduces to the well-known extended
Beta function (1.15) given by Dudi and Abubakar [7].

3. PROPERTIES OF EXTENDED BETA FUNCTION
In this section, we investigate various properties of the

i k3,K4,q,02 .
extended Beta function B, * " # (x, y) as follows:

Theorem 3.1. The extension of Beta function satisfies the
following functional relation

k3,k4,q,02 k3,k4,q,07
Bk1.k2yp,w1 (e + 1,}/) + Bk1.k2yp w1 (x, y+ D

k3,k4,q,0>
- Bk1kzpw1 (XJ’)

Proof. Consider the left-hand side of (3.1), we have
k3,k4,q,0 k3,k4,9,0
kf’klj_p‘wf (x+1,y)+ ka’k:_p‘wf ,y+1)

= j W@ —-wrt+u (1 - wr}
0

ksk Wq o)
< B (-G

(3.1)

= flux_l(l — w2 u+ (1 -uw}
0

k3k w1 (L)
X Bk (_7_(1—u))du

1
_ -1 -1 pkakaq w1 W7
- fo W A=W By (_?_ (1 —u)>
which proves the desired result.
Theorem 3.2. The extension of Beta function satisfies the
following summation formulas
Blakatw2 (6, 1—y) = Z On Bkt (x+n,1) (32)

k1k2P(D1 k1k2P(U1

Proof. Consider the generallzed binomial theorem
1-w = Z Do, (i < 1. (33)

n=0
Applying (3.3) to the definition (2.1) of extended Beta
function
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k3,K4.q,02 _
Bk1k2Pw1 (X1 y)

() +n—1k3keq Wy W>
fz W B <_?_(1—u))du

Now, mterchanglng the order of summation and integration in
above equation and using (2.1) proves the desired result.
Theorem 3.3. The extension of Beta function satisfies the
following infinite summation

Formulas:

[ee)

k3,k4,9,0 _
B2 (x,y) = )
. n=0
Proof. Using the relation

k3,4,
Btz (x+n,y +1) - (3.4)

[ee)

A-wrt=0-w ) u®
In (2.1), we obtain

k3.k4,q,0
kak:pwlz (x, y)

_ x+n-1pk3keq (@1 W2

_f 1-wYyyo,u E s ( " —(1_u))du
By interchanging the order of integration and summation in
above equation and using (2.1), we get the desired result.

Theorem 3.4. The following relation holds true

k3,k4,q,02
Bk1.k2.P.;LD1 (x‘ y)

n k3,k4,q,w2
- Z (m) Bklikszywl (x + m;y +n— m),

m=0

(3.5)

(n € Ny).
Proof. Using (3.1),
Bk (67

k3,k4,q,02 k3,k4,q,02
T Bk1 k20,01 (x+1Ly) +_Bk1.kz,p,w1 (9@’ + 1),
Taking x = a and y = —a — n in above relation, we have

k3,k4,q,02 P _ pkakyqowz P
kq,k2,p.01 (@ —a—n)= Bk1.kzlpyw1 (@ —a—n+1)

k3,k4.q9,02 oy —
B . (a+1,—a—n),

Starting withn = 1, 2, 3, ..., we have
Bikipar (@0 =1 = B @ =)
+Bk13"k:,'l,"mf (a+1,—-a—-1),

Bk, (@ = =2) = B (0 —)

42Bfka002 (0 4 1 g — 1)

k1.k2,p,01
k3,k4,q,0
+ B3 w92 (g4 2 g —2),

ek kq1,k2,p,01
3,K4,4,W2 v
Bk1.kz.p.w1 (0{, @ 3)

— pkakaqw; _ ke3,k4,q,02 _
=B sl (—a) + 3B v 2 (a+1,—a—1) +

k3,k4,9,0 k3,k4,9,0
Ska‘k;p,wf (a+2,—-a—-2)+ Bkik;,p,wlz (a+3,—-a—3)
and so on. The above series behaves like as finite binomials
series does. Thus, we can finally obtain the desired relation
(3.5). Note that, we can also prove the desired inequality by
applying induction on n.

4. EXTENSION OF HYPERGEOMETRIC FUNCTIONS
In this section, we introduce further extension of
hypergeometric function by using the extension of Beta
function (2.1) as follows:
Definition 6.1. The extension of extended hypergeometric
function is defined as:
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k k
k13k24pq(j)12 (a,B;v:2)
ke3.k4,q,02
_ yo By ka1 (ﬁ+n,y—6)@
_ano(a)n B(By-PB) n (4-1)
(kll k2l k3l k4 € Ra—' Re(y) > Re(ﬁ) > 0; wlf (1)2 = 0’ |Z|
<1,p,q >0,q < Re(k,) +p).
Theorem 4.2. The extended hypergeometric has the
following integral representation:

k3k4qw2
klkzpwl (a '8 )/,Z)

w11 —w) P11 - zu)”

=mfo

k3kaq (_©1
x E ( n - u))du (4.2)

k1.k2,p
(kll k2! k3! k4 € Ra-' Re(y) > Re(ﬂ) > 0) W1, Wy Z Or |Z|
<1,p,q >0,q < Re(k,) +p).
Proof. By using (2.1) in (4.1), we have
plak
k13k24pqa(:)12 (a, ;v 2)

e KGR
’ 0

k3k wWq &) C (zu)?
Bk (_7 (- u)) Z(a)" o 2
n=0

Thus, by using, the relation
NPGOL _
Y@= -,

n=
We get the desired relation.

Theorem 4.3. Consider F%:%2 () function. Then, the
following functional relation hold:

k Ka,q,0 :3 k Ka,q,0 . )
k13k24p wlz (@ B5v;2) = k13k24p cu12 (,p+1Ly+1;2)

k3,k
+EE R @ir 1) (43)

(kl! kZI k3l k4 € Ra—! Re(y) > Re(ﬁ) > O, W1, Wy = O’ |Z|
<1,p,q9>0,q <Re(ky) +p).
Proof. Using the following relation (3.1) in (4.1), we get
Beliapi, (B+n+ Ly —B)
+B e (B +n,y — B+ 1)
— Bk3k4q(u2 B +ny-p),

k k k1.k2,p,01
,q,0 —
k13k24p w12 ((X ‘8 Y Z)

5 (Bi‘f)zf;‘jgfi’f (BHn+Ly - +B AT 02 (B4my- ﬁ’+1)>
Zn=o(@n B(BY—F) L
= 55 o(a), Pkt Gty R

n=03"/n B(By-B) nl
g0 o p (B+ny=B+1) g
”=°(k“)k" B(B.y—B) r’
_ B(B+1y— /;)Z @ By a2 (BHn+1y—p) n
B(By-p) “m=0r"In B(B+Ly—B) n!

BEY B 50 (0 BEFAA02 (piny—pr1) 4
n=0 n

B(B.y—B) B(By—B+1) TN

Then, using the value of Beta function in terms of gamma
function together with (3.1), allow us to get the desired result.

Theorem 4.2. Consider Fkk3kk4pq(f,"2 () function. Then, the

following sum relation hold:
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k3k4qw2(a‘8 V'Z)— Z (1+ﬁ' y)mB(ﬁ'i_mrl)

e BBy =P
Xt (“'/3 +m;f+m+1;2), (4.4)

(kll k2' k3' k4— € RO'Re(y) > Re(ﬁ) > 0' W1, Wy 2 0’ |(p|
<1,p,q>0,q <Re(ky) +p).
Proof. Using the following relation (3.2) in (4.1), we get

k JKa,q,0
Bty pw, B+ 1= B)

— Zm:o A-y+B)m Bk3,k4,q,w2 (ﬁ +n+m, 1) i

m! k1.k2,p, w1

1
k k4,90
k13kz41J w12 (a ﬁ 14 Z) Z(a)n B(ﬁ Y — ﬁ)
(1-y+B)m Bk3 k4qa)2 (Z)
m! kq,k2,p,01

B+n+m1)—

k3, k4qw2.
1+ Y B(B+m,1) (ﬁ+n+m,1)( yn
—Zm 0 Py)m B, Zn 0( )n fbaben -

ml B(By-B) B(B+m,1) T
Then, using the definition of Gauss hypergeometric function
(4.1), allow us to get the desired result.
Theorem 4.3. Consider F%:%2 () function. Then, the
following sum relation hold:
Fiad®2 (a,B;v;2) = (y = B)
¢ )m
Zm 0 B kk13kkz4pq(j)12 (alﬁ + m; Y + m + 11 Z)! (45)
(kll k2!k3ﬁk4’ € RO'Re(y) > Re(ﬁ) > 0! W1, Wy 2 01 |Z|
<1,p,q >0,q < Re(ky) + p).
Proof. Using the following relation (3.4) in (6.1), we get

X Zm:O

k kaq, k3,kq,q,0
kfk;paa))lz(x y) = Zkak:pmlz(x-l_m'y-l_l)'
kk3kk4qw2 (a,B;v;2)
pw ’
12 1 © k3k4qw2(ﬁ+m+n —,3+1) n
_ Z (a) Z k1k2pw1 Y (2)
" BB,y —B) n!’

g BB Bt v B e pr. (BYmAny—B+1) (;)n
- m=0 n=0 n

B(B,y—B) B(B+my—B+1) n
Then, using the value of Beta function in terms of gamma
function together with (3.1), allow us to get the desired result.
Theorem 4.4. Consider F*#%“z () function. Then, the

kq,ko,p,w1
following result hold:

k3k4qw2(aﬁy’z) i(rrrll)B(ﬁ+m,y_ﬁ+n—m)

k1 k20,01 _
= BB,y = B)
X Fkkfkkz‘*pqa‘;’f (a,B+m;y +n;2), (4.6)

(1, k3, k3, k4 € Ry, Re(y) > Re(B) > 0,w,,w; 2 0, |z
<1,p,q>0,q <Re(ky) + p).

Proof. Using the following relation (3.5) in (4.1), we get

k3,k4,q,02
Bk1.k2yp.w1 (e, y)

(n) k3,k4,q,02

m/ “kikapw1
k3 k4,q,0>

k1k2pw1 (aﬂyiz)k .
3,K4,4,W2

—yn
m=0

(x+m,y+n—m),

- Z(a’)r 2. () Biliamer (BT +my =B +n—m) (Z)T‘t
r=0

P BB,y —B)

O n\BB+my—B+n—m)x
2 )=y 2

m=0
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K3k,
ka,k;‘,,f,fff B+r+my—pF+n—m)(z)"

B(B+my—B+n—m) Tl
Then, using the definition of Gauss hypergeometric function
(4.1), allow us to get the desired result.

’

5. TRANSFORMATION AND SUMMATION FORMULAS
In this section, we obtain transformation and summation
formulas for the extended hypergeometric function as
follows:
Theorem 5.1. The following transformation for extended
hypergeometric function holds
true for w,, w, = 0;
Feiameor. (@ B:7;2)
-z
= - Rt (wy -Bivis), 6D
(ky, kg, ks, ky € RE,Re(y) > Re(B) > 0,w,,w, = 0,|2]
<1,p,q >0,q < Re(ky) +p).
Proof. Replacing u — 1 — u in (4.2) and using the following
result:

(1 —z(1- u))_a =
We obtain
k’?kk;pqaﬁz (@85 V' z)
1-9)“ z
= 7 y=B-1(1 — 1y)P-1 _
By B, A (1)
k3, ka,q w1 (2F)
B (7 - a o)
Which, by applylng (4.1) yields the desired result.
Theorem 5.2. The following summation formula holds true:
Bwd2 (By — o — ) 53
B(ﬁ']/ - ,B) ’ '
ki, ky, k3, k, € R, Re(y) > Re(B) > 0,Re(y —a—B) >
0,w,w, 20,p,q >0,
|z <1,q <Re(ky) +p
Proof. Taking ¢ = 1in (4.2), we have

Felienmar (@ By 1) =

-a

(1—2)‘“(1—1izu) ,

(5.2)

-a

k3k4qw2
Flirmw, @Biy;1) =

klkzpwl B(ﬁ Y — B)
B-1(1 _ —a-B-1 pkaksq (@1 w2
X fo ub 11 —uyr« Eyow ( ” (1—u)) du

By applying definition (2.1) to the above equation, we get the
desired result.

6. CONNECTION WITH THE OTHER SPECIAL FUNCTIONS

In this section we obtain certain connections of the
generalized Beta function (2.1) in terms of other functions and
polynomials. The results obtained here are interesting and can
further be applied to other extensions of beta and other
functions.

Theorem 6.1. The following relationship further generalized
extended Beta function between the Wright function holds
rue:

k3k4qw2( ) ( 4)

-1
k1 k2,p,01 ['(k3) w1

— )yt

(k3' CI) (1 1) _ w1

% ll}z [(k4: Q), (kp kz); u (1- u)] du. (6'1)
Proof: Applying the result from Salim et al., (see [25], (29))

https://journals.ust.edu/index.php/JST
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k3 k4,9 ( ) I'(ks) 1/12

Co ) 0: ] (g

kl kap F(kg) 2 (k4-l q) (kll 2)
On setting z — —%— (fizu) , multiplying both sides

by u*1(1 —w)¥ and integrating with respect to u limit
from 0 to 1, gives the desired result.

Theorem 6.2. The following relationship further generalized
extended Beta function between the Fox's H-function holds
true:

rcy)
k k 4 — _
Bt (V) = Ty | wi@—wr
1,2 ﬂ (Oll)l (1 - k3’ Q) ]
x HE (24 o (0,1), (1 = kyy ey, (1 — kg p)) S (63

Proof: Applying the result from Salim et al., (see [25], (32))

;;3;::3 (Z) (0,1) (1 —ks,q)
_ T(ka) y12| _ L), — K3, (q
= Tk 1123 [ 210.1), (1 = Ky k), (1 — ke p)) 7 &P

w1 w2

On setting Zo - T e multiplying both sides

by u*~1(1 —u)¥~! and integrating with
respect to ¢ limit from 0 to 1, gives the desired result.
Theorem 6.3. The following relationship further generalized

extended Beta function between the Generalized
hypergeometric function holds true:

k k

Bl ) = s [ -

« L F [ 1 ,4(q, 3),(_&_ W, ) q“]
a+1ptn A(n, k2) l(p' k4—) ’ u (1 _u) ppnn
X du, (6.5)

n n+1 n+k—1.

Where k; = n € N, A(n, k)is k —tuple - = e,

k
Proof: Applying the result from Salim et aI (see [25], (30))

k k4,9
Eitiap (2)

1 P [ 1, A(q, k3). qu]
T Tl VP A(n ky), A(p,k,)  pPRT

w w -
On setting Z_’_Tl_(l-zu) , multiplying both sides

by u*1(1—w)” tand integrating with respect to u limit
from 0 to 1, gives the desired result.

(6.6)

7. CONCLUSIONS
This study introduced a new extension of the extended Beta
and Gauss hypergeometric functions, exploring their
properties, integral representations, and connections with
other special functions. These findings provide a foundation
for further research into broader generalizations and
applications in mathematical and applied sciences.
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