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Abstract— The Beta function and its extensions play a 

crucial role in the study of some special functions; several 

researchers have introduced and investigated various 

extensions of this important function. In this paper we present 

further extensions of the Beta and the Gauss hypergeometric 

functions. We also explore some of their properties, derive 

integral representation, and establish summation formulas. 

Furthermore, we investigate the relationship between these 

generalized Beta functions and other special functions, such 

as the Fox Wright function, Fox's H-function, and generalized 

hypergeometric function. 
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I. INTRODUCTION 

We start with the classical Beta and Gamma functions defined 

respectively as follows (see [22], [27]): 

 

𝐵(𝑥, 𝑦) = ∫ 𝑢𝑥−1(1 − 𝑢)𝑦−1
1

0

𝑑𝑢,                                 (1.1) 

(𝑅𝑒(𝑥) > 0, 𝑅𝑒(𝑦) > 0 ), 
and 

Γ(𝑥) = ∫ 𝑢𝑥−1𝑒−𝑢
∞

0

𝑑𝑢, (𝑅𝑒(𝑥) > 0).                   (1.2) 

𝐵(𝑥, 𝑦) =
𝛤(𝑥)𝛤(𝑦)

𝛤(𝑥 + 𝑦)
, (𝑅𝑒(𝑥) > 0, 𝑅𝑒(𝑦) > 0).  (1.3) 

 

The Gauss hypergeometric function and its integral 

representation defined respectively as follows (see [22, p. 

85]): 

𝐹2 1(𝛼, 𝛽; 𝛾; 𝑧) = ∑
(𝛼)𝑛(𝛽)𝑛

(𝛾)𝑛

∞

𝑛=0

𝑧𝑛

𝑛!
,                           (1.4) 

(|𝑧| < 1, 𝛼, 𝛽, 𝛾 ∈ ℂ 𝑎𝑛𝑑 𝛾 ≠ 0, −1, −2, −3, … ), 

𝐹2 1(𝛼, 𝛽; 𝛾; 𝑧) =
𝛤(𝛾)

𝛤(𝛽)𝛤(𝛾 − 𝛽)
 

× ∫ 𝑢𝛽−1(1 − 𝑢)𝛾−𝛽−1(1 − 𝑧𝑢)−𝛼𝑑𝑢
1

0

,                (1.5) 

(𝑅𝑒(𝛾) > 𝑅𝑒(𝛽) > 0, |𝑎𝑟𝑔(1 − 𝑧)| < 𝜋). 

 
The Mittag-Leffler function and its diverse generalizations are 
important, in particular, in connection with the theories of 
fractional calculus and special functions.  

Various researchers have presented and explored several 

extensions and generalization of Gamma and Beta functions 

related to the Mittag-Leffler function have been investigated 

(see [1-12], [14-8], [13-17], [18-21], [23-27]). 

Shadab et al. [26] introduced a new extension of Beta function 

as: 

𝐵𝑝
𝛼(𝑥, 𝑦) = ∫ 𝑢𝑥−1(1 − 𝑢)𝑦−1𝐸𝛼

1

0

(−
𝑝

𝑢(1 − 𝑢)
) 𝑑𝑢,   (1.6) 

Where 𝑅𝑒(𝑥) > 0, 𝑅𝑒(𝑦) > 0  and 𝐸𝛼(. )  is the Mittag-

Leffler function is defined as follows: (see [17]) 

𝐸𝛼(𝑧) = ∑
𝑧𝑛

𝛤(𝛼𝑛 + 1)
, 𝑅𝑒(𝛼) > 0, 𝑧 ∈ ℂ

∞

𝑛=0

.  (1.7) 

Obviously, for  𝛼 = 1, 𝑝 = 0,(1.6) reduces to (1.1).  

In the same paper, they defined the following integral 

representations of extended hypergeometric function as: 

𝐹𝑝
𝛼(𝛼, 𝛽; 𝛾; 𝑧) =

1

𝐵(𝛽, 𝛾 − 𝛽)
 

× ∫ 𝑢𝛽−1(1 − 𝑢)𝛾−𝛽−1(1 − 𝑧𝑢)−𝛼𝐸𝛼 (
−𝑝

𝑢(1 − 𝑢)
) 𝑑𝑢

1

0

,   

(1.8) 
(𝑅𝑒(𝑝) > 0, 𝑅𝑒(𝛾) > 𝑅𝑒(𝛽) > 0, |𝑎𝑟𝑔(1 − 𝑧)| < 𝜋). 

Obviously, for  𝛼 = 1, 𝑝 = 0, (1.8) reduces to (1.5).  

Goyal et al. [10] provide the following extension of Beta 

function by treating the Waiman function (two parameter's 

Mittag- Leffler function) as kernel: 

𝐵𝑘1,𝑘2

𝑝 (𝑥, 𝑦) 

= ∫ 𝑢𝑥−1(1 − 𝑢)𝑦−1𝐸𝑘1,𝑘2

1

0

(−
𝑝

𝑢(1 − 𝑢)
) 𝑑𝑢,     (1.9) 

Where 𝑅𝑒(𝑥) > 0, 𝑅𝑒(𝑦) > 0 , 𝑘1, 𝑘2 ∈ 𝑅𝑜
+, and  𝐸𝑘1,𝑘2

(. ) is 

defined as (see [26]) 

𝐸𝑘1,𝑘2
(𝑧) = ∑

𝑧𝑛

𝛤(𝑘1𝑛 + 𝑘2)

∞

𝑛=0

∙                                       (1.10) 

Al Gonah and Mohammed [2] used the generalized Mittag-

Leffler function introduced by Prabhaker to present the 

following extended of Beta functions as: 

𝐵𝑝
(𝛼,𝛽,𝛾)(𝑥, 𝑦) 

= ∫ 𝑡𝑥−1(1 − 𝑡)𝑦−1
1

0

𝐸𝛼,𝛽
𝛾

(−
𝑝

𝑢(1 − 𝑢)
) 𝑑𝑢,              (1.11) 

Where 𝑅𝑒(𝑥) > 0, 𝑅𝑒(𝑦) > 0 , 𝑅𝑒(𝛼) > 0, 𝑅𝑒(𝑝) ≥ 0,  and 

𝐸𝛼,𝛽
𝛾 (. ) is Mittag-Leffler function which defined in Prabhakar 

[21] as:  

https://doi.org/10.20428/jst.v30i5.2838
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𝐸𝛼,𝛽
𝛾 (𝑧) = ∑

(𝛾)𝑛

𝛤(𝛼𝑛 + 𝛽)

𝑧𝑛

𝑛!
,

∞

𝑛=0

                                       (1.12) 

Where 𝑅𝑒(𝛼) > 0, 𝛼, 𝛽, 𝛾 ∈ ℂ . 
 

Abubakar and Kabara [1] study and studied the following 

extended Beta function by using the four- parameter Mittag-

Leffler function (Salim function): 

𝐵𝑘1,𝑘2,𝑘3

𝑘4,𝑝 (𝑥, 𝑦) 

= ∫ 𝑢𝑥−1(1 − 𝑢)𝑦−1
1

0

𝐸𝑘1,𝑘2,𝑘3

𝑘4 
(−

𝑝

𝑢(1 − 𝑢)
) 𝑑𝑢,   (1.13) 

Where 𝑅𝑒(𝑥) > 0, 𝑅𝑒(𝑦) > 0 , 𝑘1, 𝑘2, 𝑘3, 𝑘4 ∈ 𝑅0
+, 𝑅𝑒(𝑝) >

0.  

and E𝑘1,𝑘2,𝑘3

𝑘4 (. ) is defined as follows:(see [24]) 

𝐸𝑘1,𝑘2,𝑘3

𝑘4 (𝑧) = ∑
(𝑘3)𝑛

(𝑘4)𝑛𝛤(𝑘1𝑛 + 𝑘2)

∞

𝑛=0

𝑧𝑛,                       (1.14) 

Where,  

𝑘1, 𝑘2, 𝑘3, 𝑘4 ∈ ℂ, 𝑅𝑒(𝑘1) > 0, 𝑅𝑒(𝑘2) > 0, 𝑅𝑒(𝑘3)
> 0, 𝑅𝑒(𝑘4) > 0. 

Dudi and Abubakar [7] study another extension of Beta 

functions related to the generalized Mittag-Leffler function 

𝐵𝑘1,𝑘2,𝑝,𝜔
𝑘3,𝑘4,𝑞 (𝑥, 𝑦) 

= ∫ 𝑢𝑥−1(1 − 𝑢)𝑦−1
1

0

𝐸𝑘1,𝑘2,𝑝
𝑘3,𝑘4,𝑞 

(−
𝜔

𝑢(1 − 𝑢)
) 𝑑𝑢,   (1.15) 

Where,𝑅𝑒(𝑥) > 0, 𝑅𝑒(𝑦) > 0 , 𝑘1, 𝑘2, 𝑘3, 𝑘4 ∈ 𝑅0
+, 𝜔 ≥ 0, 

𝐸𝑘1,𝑘2,𝑝
𝑘3,𝑘4,𝑞 (. )      the generalized Mittag-Leffler function is 

introduced by Salim and Faraj, as follows: (see [25]) 

𝐸𝑘1,𝑘2,𝑝
𝑘3,𝑘4,𝑞 (𝑧) = ∑

(𝑘3)𝑞𝑛

(𝑘4)𝑝𝑛𝛤(𝑘1𝑛 + 𝑘2)

∞

𝑛=0

𝑧𝑛,                    (1. 16) 

Where, 

𝑘1, 𝑘2, 𝑘3, 𝑘4 ∈ ℂ, 𝑚𝑖𝑛{𝑅𝑒(𝑘1), 𝑅𝑒(𝑘2), 𝑅𝑒(𝑘3), 𝑅𝑒(𝑘4)}
> 0, 𝑝, 𝑞 > 0, 𝑞 < 𝑅𝑒(𝑘1) + 𝑝. 

Throughout this paper, we need the following well-known 

facts and rules. 

Wright generalized hypergeometric function (Fox- Wright 

function  𝜓𝑞𝑝  )(see [27]) 

 𝜓𝑞𝑝 [
(𝛼1, 𝐴1), … , (𝛼𝑝, 𝐴𝑞); 

(𝛽1, 𝐵1), … , (𝛽𝑞 , 𝐵𝑞);
𝑧] 

= ∑
∏ Γ(𝛼𝑗+𝐴𝑗𝑛)𝑧𝑛𝑝

𝑗=1

∏ Γ(𝛽𝑗+𝐵𝑗𝑛)𝑛!
𝑞
𝑗=1

∞
𝑛=0 ,                            (1.17)  

where the coefficients 𝐴𝑗 ∈ ℝ+(𝑗 = 1, … , 𝑝) and 𝐵𝑗 ∈

ℝ+(𝑗 = 1, … , 𝑞)such that  

1 + ∑ 𝐵𝑗 − ∑ 𝐴𝑗

𝑝

𝑛=0

𝑞

𝑛=0

≥ 0. 

A special case of (1.17) reduce to the generalized 

hypergeometric function  𝐹𝑞𝑝  

 𝜓𝑞𝑝 [
(𝛼1, 𝐴1), … , (𝛼𝑝, 𝐴𝑞); 

(𝛽1, 𝐵1), … , (𝛽𝑞 , 𝐵𝑞);
𝑧] 

=
∏ Γ(𝛼𝑗)

𝑝
𝑗=1

∏ Γ(𝛽𝑗)
𝑞
𝑗=1

 𝐹𝑞𝑝 [
𝛼1, … , 𝛼𝑝; 

𝛽1, … , 𝛽𝑞; 𝑧].                                (1.18)  

 

Fox- H- function 𝐻𝑝,𝑞
𝑚,𝑛

 (see [13]) 

𝐻𝑝,𝑞
𝑚,𝑛 [𝑧 |

(𝑎1, 𝛼1), … , (𝑎𝑝, 𝛼𝑞) 

(𝑏1, 𝛽1), … , (𝑏𝑞 , 𝛽𝑞)
] 

=
1

2𝜋𝑖
∫

∏ Γ(𝑏𝑗+𝛽𝑗𝑠) ∏ Γ(1−𝑎𝑗+𝛼𝑗𝑠)𝑛
𝑗=1

𝑚
𝑗=1

∏ Γ(1−𝑏𝑗−𝛽𝑗𝑠)
𝑞
𝑗=𝑚+1

∏ Γ(𝑎𝑗−𝛼𝑗𝑠)
𝑞
𝑗=𝑛+1

 𝑧−𝑠𝑑𝑠
𝐿

(1.19)  

 

2. FURTHER EXTENSION OF BETA FUNCTION AND ITS 

PROPERTIES 

In this section, we define a new generalization of Beta 

function as follows: 

Definition 2.1. The Further extension of extended Beta 

function is defined as: 

𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝑥, 𝑦) 

= ∫ 𝑢𝑥−1(1 − 𝑢)𝑦−11

0
𝐸𝑘1,𝑘2,𝑝

𝑘3,𝑘4,𝑞 
(−

𝜔1

𝑢
−

𝜔2

(1−𝑢)
) 𝑑𝑢, (2.1)  

Where𝑅𝑒(𝑥) > 0, 𝑅𝑒(𝑦) > 0, 𝑅𝑒(𝜔1) > 0, 𝑅𝑒(𝜔2) > 0, 
𝑘1, 𝑘2, 𝑘3, 𝑘4 ∈ ℂ,  𝑚𝑖𝑛{𝑅𝑒(𝑘1), 𝑅𝑒(𝑘2), 𝑅𝑒(𝑘3), 𝑅𝑒(𝑘4)} >

0, 𝑝, 𝑞 > 0, 𝑞 < 𝑅𝑒(𝑘1) + 𝑝  and 𝐸𝑘1,𝑘2,𝑝
𝑘3,𝑘4,𝑞 (. )  is the 

generalized Mittag- Leffler function defined in (1.16). 

 

Remark 2.1. Note that: 

(i) If 𝜔1 = 𝜔2 then (2.1) reduces to the well-known extended 

Beta function (1.15) given by Dudi and Abubakar [7].    

 

3. PROPERTIES OF EXTENDED BETA FUNCTION 

In this section, we investigate various properties of the 

extended Beta function  𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝑥, 𝑦) as follows: 

Theorem 3.1. The extension of Beta function satisfies the 

following functional relation 

𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝑥 + 1, 𝑦) + 𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝑥, 𝑦 + 1) 

= 𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝑥, 𝑦)      (3.1) 

Proof. Consider the left-hand side of (3.1), we have 

𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝑥 + 1, 𝑦) + 𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝑥, 𝑦 + 1) 

= ∫ {𝑢𝑥(1 − 𝑢)𝑦−1 + 𝑢𝑥−1(1 − 𝑢)𝑦}
1

0

 

× 𝐸𝑘1,𝑘2,𝑝
𝑘3,𝑘4,𝑞 

(−
𝜔1

𝑢
−

𝜔2

(1 − 𝑢)
) 𝑑𝑢, 

 

= ∫ 𝑢𝑥−1(1 − 𝑢)𝑦−1{𝑢 + (1 − 𝑢)}
1

0

 

× 𝐸𝑘1,𝑘2,𝑝
𝑘3,𝑘4,𝑞 

(−
𝜔1

𝑢
−

𝜔2

(1 − 𝑢)
) 𝑑𝑢, 

 

 = ∫ 𝑢𝑥−1(1 − 𝑢)𝑦−1
1

0

𝐸𝑘1,𝑘2,𝑝
𝑘3,𝑘4,𝑞 

(−
𝜔1

𝑢
−

𝜔2

(1 − 𝑢)
) 𝑑𝑢 

which proves the desired result.  

Theorem 3.2. The extension of Beta function satisfies the 

following summation formulas: 

𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝑥, 1 − 𝑦) = ∑
(𝑦)𝑛

𝑛!

∞

𝑛=0

𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝑥 + 𝑛, 1)  (3.2) 

Proof. Consider the generalized binomial theorem 

(1 − 𝑢)−𝑦 = ∑
(𝑦)𝑛

𝑛!

∞

𝑛=0

𝑢𝑛,   (|𝑢| < 1).   (3.3) 

Applying (3.3) to the definition (2.1) of extended Beta 

function 

https://journals.ust.edu/index.php/JST
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𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝑥, 1 − 𝑦) 

= ∫ ∑
(𝑦)𝑛

𝑛!

∞

𝑛=0

1

0

𝑢𝑥+𝑛−1𝐸𝑘1,𝑘2,𝑝
𝑘3,𝑘4,𝑞 

(−
𝜔1

𝑢
−

𝜔2

(1 − 𝑢)
) 𝑑𝑢 ∙ 

Now, interchanging the order of summation and integration in 

above equation and using (2.1) proves the desired result.  

Theorem 3.3. The extension of Beta function satisfies the 

following infinite summation 

Formulas: 

𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝑥, 𝑦) = ∑ 𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝑥 + 𝑛, 𝑦 + 1)

∞

𝑛=0

∙  (3.4) 

Proof. Using the relation 

(1 − 𝑢)𝑦−1 = (1 − 𝑢)𝑦 ∑ 𝑢𝑛

∞

𝑛=0

 , 

In (2.1), we obtain 

𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝑥, 𝑦) 

= ∫ (1 − 𝑢)𝑦 ∑ 𝑢𝑥+𝑛−1𝐸𝑘1,𝑘2,𝑝
𝑘3,𝑘4,𝑞 

(−
𝜔1

𝑢
−

𝜔2

(1−𝑢)
) 𝑑𝑢 ∙∞

𝑛=0
1

0
  

By interchanging the order of integration and summation in 

above equation and using (2.1), we get the desired result.  

Theorem 3.4. The following relation holds true 

𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝑥, 𝑦) 

= ∑ (
𝑛
𝑚

) 𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝑥 + 𝑚, 𝑦 + 𝑛 − 𝑚)

𝑛

𝑚=0

,               (3.5) 

(𝑛 ∈ ℕ0).                                                       
Proof. Using (3.1), 

𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝑥, 𝑦) 

= 𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝑥 + 1, 𝑦) + 𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝑥, 𝑦 + 1), 

Taking 𝑥 = 𝛼 and 𝑦 = −𝛼 − 𝑛 in above relation, we have 

𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼, −𝛼 − 𝑛) = 𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼, −𝛼 − 𝑛 + 1) 

+𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼 + 1, −𝛼 − 𝑛), 

Starting with 𝑛 = 1, 2, 3, …, we have 

𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼, −𝛼 − 1) = 𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼, −𝛼) 

+𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼 + 1, −𝛼 − 1), 

𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼, −𝛼 − 2) = 𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼, −𝛼) 

+2𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼 + 1, −𝛼 − 1)

+ 𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼 + 2, −𝛼 − 2), 

𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼, −𝛼 − 3) 

= 𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼, −𝛼) + 3𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼 + 1, −𝛼 − 1) +

3𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼 + 2, −𝛼 − 2) + 𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼 + 3, −𝛼 − 3)  

 

and so on. The above series behaves like as finite binomials 

series does. Thus, we can finally obtain the desired relation 

(3.5). Note that, we can also prove the desired inequality by 

applying induction on 𝑛. 

 

4.  EXTENSION OF HYPERGEOMETRIC FUNCTIONS 

In this section, we introduce further extension of 

hypergeometric function by using the extension of Beta 

function (2.1) as follows: 

Definition 6.1. The extension of extended hypergeometric 

function is defined as: 

𝐹𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼, 𝛽; 𝛾; 𝑧) 

= ∑ (𝛼)𝑛
∞
𝑛=0

𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 
(𝛽+𝑛,𝛾−𝛽)

𝐵(𝛽,𝛾−𝛽)

(𝑧)𝑛

𝑛!
,   (4.1)  

(𝑘1, 𝑘2, 𝑘3, 𝑘4 ∈ 𝑅0
+, 𝑅𝑒(𝛾) > 𝑅𝑒(𝛽) > 0, 𝜔1, 𝜔2 ≥ 0, |𝑧|
< 1, 𝑝, 𝑞 > 0, 𝑞 < 𝑅𝑒(𝑘1) + 𝑝). 

Theorem 4.2. The extended hypergeometric has the 

following integral representation: 

𝐹𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼, 𝛽; 𝛾; 𝑧) 

=
1

𝐵(𝛽, 𝛾 − 𝛽)
∫ 𝑢𝛽−1(1 − 𝑢)𝛾−𝛽−1(1 − 𝑧𝑢)−𝛼

1

0

 

× 𝐸𝑘1,𝑘2,𝑝
𝑘3,𝑘4,𝑞 

(−
𝜔1

𝑢
−

𝜔2

(1−𝑢)
) 𝑑𝑢,        (4.2)  

 
(𝑘1, 𝑘2, 𝑘3, 𝑘4 ∈ 𝑅0

+, 𝑅𝑒(𝛾) > 𝑅𝑒(𝛽) > 0, 𝜔1, 𝜔2 ≥ 0, |𝑧|
< 1, 𝑝, 𝑞 > 0, 𝑞 < 𝑅𝑒(𝑘1) + 𝑝). 

Proof. By using (2.1) in (4.1), we have 

𝐹𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼, 𝛽; 𝛾; 𝑧) 

=
1

𝐵(𝛽, 𝛾 − 𝛽)
∫ 𝑢𝛽−1(1 − 𝑢)𝛾−𝛽−1

1

0

 

× 𝐸𝑘1,𝑘2,𝑝
𝑘3,𝑘4,𝑞 

(−
𝜔1

𝑢
−

𝜔2

(1 − 𝑢)
) ∑(𝛼)𝑛

∞

𝑛=0

(𝑧𝑢)𝑛

𝑛!
𝑑𝜑, 

Thus, by using, the relation 

∑(𝛼)𝑛

∞

𝑛=0

(𝑧𝑢)𝑛

𝑛!
= (1 − 𝑧𝑢)−𝛼 , 

We get the desired relation. 

Theorem 4.3. Consider 𝐹𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (. )  function. Then, the 

following functional relation hold: 

𝐹𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼, 𝛽; 𝛾; 𝑧) =
𝛽

𝛾
𝐹𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼, 𝛽 + 1; 𝛾 + 1; 𝑧) 

+
𝛾−𝛽

𝛾
𝐹𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼, 𝛽; 𝛾 + 1; 𝑧),                                   (4.3)  

(𝑘1, 𝑘2, 𝑘3, 𝑘4 ∈ 𝑅0
+, 𝑅𝑒(𝛾) > 𝑅𝑒(𝛽) > 0, 𝜔1, 𝜔2 ≥ 0, |𝑧|
< 1, 𝑝, 𝑞 > 0, 𝑞 < 𝑅𝑒(𝑘1) + 𝑝). 

Proof. Using the following relation (3.1) in (4.1), we get 

𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛽 + 𝑛 + 1, 𝛾 − 𝛽) 

+𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛽 + 𝑛, 𝛾 − 𝛽 + 1)

= 𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛽 + 𝑛, 𝛾 − 𝛽), 

𝐹𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼, 𝛽; 𝛾; 𝑧) = 

 ∑ (𝛼)𝑛
∞
𝑛=0

(𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 
(𝛽+𝑛+1,𝛾−𝛽)+𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 
(𝛽+𝑛,𝛾−𝛽+1))

𝐵(𝛽,𝛾−𝛽)

𝑧𝑛

𝑛!
,  

= ∑ (𝛼)𝑛
∞
𝑛=0

𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 
(𝛽+𝑛+1,𝛾−𝛽)

𝐵(𝛽,𝛾−𝛽)

𝑧𝑛

𝑛!
+

                                             ∑ (𝛼)𝑛
∞
𝑛=0

𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 
(𝛽+𝑛,𝛾−𝛽+1)

𝐵(𝛽,𝛾−𝛽)

𝑧𝑛

𝑛!
,  

=
𝐵(𝛽+1,𝛾−𝛽)

𝐵(𝛽,𝛾−𝛽)
∑ (𝛼)𝑛

∞
𝑛=0

𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 
(𝛽+𝑛+1,𝛾−𝛽)

𝐵(𝛽+1,𝛾−𝛽)

𝑧𝑛

𝑛!
+

                         
𝐵(𝛽,𝛾−𝛽+1)

𝐵(𝛽,𝛾−𝛽)
∑ (𝛼)𝑛

∞
𝑛=0

𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 
(𝛽+𝑛,𝛾−𝛽+1)

𝐵(𝛽,𝛾−𝛽+1)

𝑧𝑛

𝑛!
.  

Then, using the value of Beta function in terms of gamma 

function together with (3.1), allow us to get the desired result. 

Theorem 4.2. Consider 𝐹𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (. )  function. Then, the 

following sum relation hold: 

https://doi.org/10.20428/jst.v30i5.2838
https://doi.org/10.20428/jst.v30i5.2838
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𝐹𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼, 𝛽; 𝛾; 𝑧) = ∑
(1 + 𝛽 − 𝛾)𝑚

𝑚!

∞

𝑚=0

𝐵(𝛽 + 𝑚, 1)

𝐵(𝛽, 𝛾 − 𝛽)
 

× 𝐹𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼, 𝛽 + 𝑚; 𝛽 + 𝑚 + 1; 𝑧),                 (4.4)  

(𝑘1, 𝑘2, 𝑘3, 𝑘4 ∈ 𝑅0
+, 𝑅𝑒(𝛾) > 𝑅𝑒(𝛽) > 0, 𝜔1, 𝜔2 ≥ 0, |𝜑|
< 1, 𝑝, 𝑞 > 0, 𝑞 < 𝑅𝑒(𝑘1) + 𝑝). 

Proof. Using the following relation (3.2) in (4.1), we get 

𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛽 + 𝑛, 𝑐 − 𝛽) 

= ∑
(1−𝛾+𝛽)𝑚

𝑚!
∞
𝑚=0 𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛽 + 𝑛 + 𝑚, 1) ∙    

𝐹𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼, 𝛽; 𝛾; 𝑧) = ∑(𝛼)𝑛

∞

𝑛=0

1

𝐵(𝛽, 𝛾 − 𝛽)
 

× ∑
(1−𝛾+𝛽)𝑚

𝑚!
∞
𝑚=0 𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛽 + 𝑛 + 𝑚, 1)
(𝑧)𝑛

𝑛!
,  

= ∑
(1+𝛽−𝛾)𝑚

𝑚!
∞
𝑚=0

𝐵(𝛽+𝑚,1)

𝐵(𝛽,𝛾−𝛽)
∑ (𝛼)𝑛

∞
𝑛=0

𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 
(𝛽+𝑛+𝑚,1)

𝐵(𝛽+𝑚,1)

(𝑧)𝑛

𝑛!
,  

Then, using the definition of Gauss hypergeometric function 

(4.1), allow us to get the desired result. 

Theorem 4.3. Consider 𝐹𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (. )  function. Then, the 

following sum relation hold: 

𝐹𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼, 𝛽; 𝛾; 𝑧) = (𝛾 − 𝛽) 

× ∑
(𝛽)𝑚

(𝛾)𝑚

∞
𝑚=0 𝐹𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼, 𝛽 + 𝑚; 𝛾 + 𝑚 + 1; 𝑧),    (4.5)  

(𝑘1, 𝑘2, 𝑘3, 𝑘4 ∈ 𝑅0
+, 𝑅𝑒(𝛾) > 𝑅𝑒(𝛽) > 0, 𝜔1, 𝜔2 ≥ 0, |𝑧|
< 1, 𝑝, 𝑞 > 0, 𝑞 < 𝑅𝑒(𝑘1) + 𝑝). 

Proof. Using the following relation (3.4) in (6.1), we get 

𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝑥, 𝑦) = ∑ 𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝑥 + 𝑚, 𝑦 + 1)

∞

𝑚=0

∙   

𝐹𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼, 𝛽; 𝛾; 𝑧)

= ∑(𝛼)𝑛 ∑
𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛽 + 𝑚 + 𝑛, 𝛾 − 𝛽 + 1)

𝐵(𝛽, 𝛾 − 𝛽)

∞

𝑚=0

∞

𝑛=0

(𝑧)𝑛

𝑛!
, 

= ∑
𝐵(𝛽+𝑚,𝛾−𝛽+1)

𝐵(𝛽,𝛾−𝛽)
∑ (𝛼)𝑛

∞
𝑛=0

∞
𝑚=0

𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 
(𝛽+𝑚+𝑛,𝛾−𝛽+1)

𝐵(𝛽+𝑚,𝛾−𝛽+1)

(𝑧)𝑛

𝑛!
.  

Then, using the value of Beta function in terms of gamma 

function together with (3.1), allow us to get the desired result. 

Theorem 4.4. Consider 𝐹𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (. )  function. Then, the 

following result hold: 

𝐹𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼, 𝛽; 𝛾; 𝑧) = ∑ (
𝑛
𝑚

)
𝐵(𝛽 + 𝑚, 𝛾 − 𝛽 + 𝑛 − 𝑚)

𝐵(𝛽, 𝛾 − 𝛽)

𝑛

𝑚=0

 

× 𝐹𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼, 𝛽 + 𝑚; 𝛾 + 𝑛; 𝑧),                                    (4.6)  

(𝑘1, 𝑘2, 𝑘3, 𝑘4 ∈ 𝑅0
+, 𝑅𝑒(𝛾) > 𝑅𝑒(𝛽) > 0, 𝜔1, 𝜔2 ≥ 0, |𝑧|
< 1, 𝑝, 𝑞 > 0, 𝑞 < 𝑅𝑒(𝑘1) + 𝑝). 

Proof. Using the following relation (3.5) in (4.1), we get 

𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝑥, 𝑦) 

= ∑ (
𝑛
𝑚

) 𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝑥 + 𝑚, 𝑦 + 𝑛 − 𝑚)𝑛
𝑚=0 ,  

𝐹𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼, 𝛽; 𝛾; 𝑧) 

= ∑(𝛼)𝑟 ∑ (
𝑛
𝑚

)

𝑛

𝑚=0

∞

𝑟=0

𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛽 + 𝑟 + 𝑚, 𝛾 − 𝛽 + 𝑛 − 𝑚)

𝐵(𝛽, 𝛾 − 𝛽)

(𝑧)𝑟

𝑟!
, 

= ∑ (
𝑛
𝑚

)
𝐵(𝛽 + 𝑚, 𝛾 − 𝛽 + 𝑛 − 𝑚)

𝐵(𝛽, 𝛾 − 𝛽)
∑(𝑎)𝑟

∞

𝑟=0

𝑛

𝑚=0

 

×
𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛽 + 𝑟 + 𝑚, 𝛾 − 𝛽 + 𝑛 − 𝑚)

𝐵(𝛽 + 𝑚, 𝛾 − 𝛽 + 𝑛 − 𝑚)

(𝑧)𝑟

𝑟!
, 

Then, using the definition of Gauss hypergeometric function 

(4.1), allow us to get the desired result.  

 

5. TRANSFORMATION AND SUMMATION FORMULAS 

In this section, we obtain transformation and summation 

formulas for the extended hypergeometric function as 

follows: 

Theorem 5.1. The following transformation for extended 

hypergeometric function holds 

true for 𝜔1, 𝜔2 ≥ 0; 

𝐹𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼, 𝛽; 𝛾; 𝑧) 

= (1 − 𝑧)−𝛼𝐹𝑘1,𝑘2,𝑝,𝜔2

𝑘3,𝑘4,𝑞,𝜔1 
(𝛼, 𝛾 − 𝛽; 𝛾;

−𝑧

1−𝑧
),               (5.1)  

(𝑘1, 𝑘2, 𝑘3, 𝑘4 ∈ 𝑅0
+, 𝑅𝑒(𝛾) > 𝑅𝑒(𝛽) > 0, 𝜔1, 𝜔2 ≥ 0, |𝑧|
< 1, 𝑝, 𝑞 > 0, 𝑞 < 𝑅𝑒(𝑘1) + 𝑝). 

Proof. Replacing 𝑢 ⟶ 1 − 𝑢 in (4.2) and using the following 

result: 

(1 − 𝑧(1 − 𝑢))
−𝛼

= (1 − 𝑧)−𝛼 (1 −
𝑧

1 − 𝑧
𝑢)

−𝛼

,         (5.2) 

We obtain 

𝐹𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼, 𝛽; 𝛾; 𝑧) 

=
(1 − 𝜑)−𝛼

𝐵(𝛽, 𝛾 − 𝛽)
∫ 𝑢𝛾−𝛽−1(1 − 𝑢)𝛽−1 (1 −

𝑧

1 − 𝑧
𝑢)

−𝑎1

0

 

× 𝐸𝑘1,𝑘2,𝑝
𝑘3,𝑘4,𝑞 

(−
𝜔1

𝑢
−

𝜔2

(1 − 𝑢)
) 𝑑𝑢 ∙ 

Which, by applying (4.1) yields the desired result. 

Theorem 5.2. The following summation formula holds true: 

𝐹𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼, 𝛽; 𝛾; 1) =
𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛽, 𝛾 − 𝛼 − 𝛽)

𝐵(𝛽, 𝛾 − 𝛽)
,       (5.3) 

(
 𝑘1, 𝑘2, 𝑘3, 𝑘4 ∈ 𝑅0

+, 𝑅𝑒(𝛾) > 𝑅𝑒(𝛽) > 0, 𝑅𝑒(𝛾 − 𝛼 − 𝛽) >
0 , 𝜔1, 𝜔2 ≥ 0, 𝑝, 𝑞 > 0,
|𝑧| < 1, 𝑞 < 𝑅𝑒(𝑘1) + 𝑝

)  

Proof. Taking 𝜑 = 1 in (4.2), we have 

𝐹𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝛼, 𝛽; 𝛾; 1) =
1

𝐵(𝛽, 𝛾 − 𝛽)
 

× ∫ 𝑢𝛽−1(1 − 𝑢)𝛾−𝛼−𝛽−11

0
𝐸𝑘1,𝑘2,𝑝

𝑘3,𝑘4,𝑞 
(−

𝜔1

𝑢
−

𝜔2

(1−𝑢)
) 𝑑𝑢 ∙  

By applying definition (2.1) to the above equation, we get the 

desired result. 

 

6. CONNECTION WITH THE OTHER SPECIAL FUNCTIONS 

In this section we obtain certain connections of the 

generalized Beta function (2.1) in terms of other functions and 

polynomials. The results obtained here are interesting and can 

further be applied to other extensions of beta and other 

functions. 

Theorem 6.1. The following relationship further generalized 

extended Beta function between the Wright function holds 

true: 

𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝑥, 𝑦) =
𝛤(𝑘4)

𝛤(𝑘3)
∫ 𝑢𝑥−1(1 − 𝑢)𝑦−1

1

0

 

×  𝜓22 [
(𝑘3, 𝑞), (1,1); 

(𝑘4, 𝑞), (𝑘1, 𝑘2);
−

𝜔1

𝑢
−

𝜔2

(1−𝑢)
] 𝑑𝑢.             (6.1)  

Proof:  Applying the result from Salim et al., (see [25], (29))  
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𝐸𝑘1,𝑘2,𝑝
𝑘3,𝑘4,𝑞 (𝑧) =

𝛤(𝑘4)

𝛤(𝑘3)
 𝜓22 [

(𝑘3, 𝑞), (1,1); 
(𝑘4, 𝑞), (𝑘1, 𝑘2);

𝑧].             (6.2)  

On setting 𝑧 ⟶ −
𝜔1

𝑢
−

𝜔2

(1−𝑢)
, multiplying both sides 

by    𝑢𝑥−1(1 − 𝑢)𝑦−1 and integrating with respect to 𝑢  limit 

from 0 to 1, gives the desired result. 

Theorem 6.2. The following relationship further generalized 

extended Beta function between the Fox's H-function holds 

true: 

𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝑥, 𝑦) =
𝛤(𝑘4)

𝛤(𝑘3)
∫ 𝑢𝑥−1(1 − 𝑢)𝑦−1

1

0

 

× 𝐻2,3
1,2 [

𝜔1

𝑢
+

𝜔2

(1−𝑢)
|
(0,1),                       (1 − 𝑘3, 𝑞) 
(0,1), (1 − 𝑘2, 𝑘1), (1 − 𝑘4, 𝑝)

] 𝑑𝑢. (6.3)  

Proof: Applying the result from Salim et al., (see [25], (32))  

𝐸𝑘1,𝑘2,𝑝
𝑘3,𝑘4,𝑞 (𝑧) 

=
𝛤(𝑘4)

𝛤(𝑘3)
𝐻2,3

1,2 [−𝑧 |
(0,1),                       (1 − 𝑘3, 𝑞) 
(0,1), (1 − 𝑘2, 𝑘1), (1 − 𝑘4, 𝑝)

].  (6.4)  

On setting 𝑧 ⟶ −
𝜔1

𝑢
−

𝜔2

(1−𝑢)
, multiplying both sides 

by  𝑢𝑥−1(1 − 𝑢)𝑦−1 and integrating with 

respect to 𝑡 limit from 0 to 1, gives the desired result. 

Theorem 6.3. The following relationship further generalized 

extended Beta function between the Generalized 

hypergeometric function holds true: 

𝐵𝑘1,𝑘2,𝑝,𝜔1

𝑘3,𝑘4,𝑞,𝜔2 (𝑥, 𝑦) =
1

𝛤(𝑘2)
∫ 𝑢𝑥−1(1 − 𝑢)𝑦−1

1

0

 

× 𝐹𝑞+1 𝑝+𝑛 [
                1   , 𝛥(𝑞, 𝑘3)

𝛥(𝑛, 𝑘2)  , (𝑝, 𝑘4)
; (−

𝜔1

𝑢
−

𝜔2

(1 − 𝑢)
)

𝑞𝑞

𝑝𝑝𝑛𝑛
] 

× 𝑑𝑢,                                                                                         (6.5) 

 

Where 𝑘1 = 𝑛 ∈ ℕ, Δ(𝑛, 𝑘)is 𝑘 −tuple 
𝑛

𝑘
,

𝑛+1

𝑘
, … ,

𝑛+𝑘−1

𝑘
∙  

Proof: Applying the result from Salim et al., (see [25], (30))  

𝐸𝑘1,𝑘2,𝑝
𝑘3,𝑘4,𝑞 (𝑧) 

=
1

𝛤(𝑘2)
𝐹𝑞+1 𝑝+𝑛 [

                1, 𝛥(𝑞, 𝑘3)

𝛥(𝑛, 𝑘2), 𝛥(𝑝, 𝑘4)
;

𝑧𝑞𝑞

𝑝𝑝𝑛𝑛].        (6.6)  

On setting 𝑧 ⟶ −
𝜔1

𝑢
−

𝜔2

(1−𝑢)
, multiplying both sides 

by    𝑢𝑥−1(1 − 𝑢)𝑦−1 and integrating with respect to 𝑢  limit 

from 0 to 1, gives the desired result. 

 

7. CONCLUSIONS 

This study introduced a new extension of the extended Beta 

and Gauss hypergeometric functions, exploring their 

properties, integral representations, and connections with 

other special functions. These findings provide a foundation 

for further research into broader generalizations and 

applications in mathematical and applied sciences. 
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