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Abstract— In the present paper, a Finsler space F,, whose
Cartan’s fourth curvature tensor R]"-kh satisfies R;"kh|t’|m|n|s =
Comns R]i'kh + dl’mns(a;'cgjh - ‘Szgjk ) R]i'kh # 0
Ilim|n|sis
Cartan’s third kind covariant differential operator ), with respect

, where

h-covariant derivative of fourth order (

to x! , x™, x"and x5 successively, Cpmns and dpyps are non-
zero covariant vector field and covariant tensor field of third
order, respectively, is introduced and such space is called as R
generalized fourecurrent Finsler space and we denote them
briefly by RM -G-FR F, , we obtained some generalized
fourecurrent space. Also we introduced Ricci generalized
fourecurrent space.

Keywords— Finsler space, Cartan’s fourth curvature tensor
R_jkh™i, Ricci generalized tensor, generalized fourecurrent tensors.

I. INTRODUCTION

A 3-dimensional Riemannian space of recurrent was
introduced and studied by H. Rund[16].The generalized
curvature tensors in recurrent Finsler space used the sense of
Berwald and Cartan curvature tensordiscussed by AL-Qashbari
AM.A. and other([1],[3],[4],[5],[6],[7],[8]and[9]). Some
properties for Weyl's projective curvature tensor studied by
AL-Qashbari AM.A. [2]. The generalized birecurrent,
trirecurrent Finsler space and higher order recurrent are studied
in ([13], [14], [16], [17], [19] and [20]). H.S. Ruse [17]
introduced and studied a three dimensional space as space of
recurrent curvature. The recurrent of an n-dimensional space
was extended to Finsler space ([11], [15], [18]) for the first
time. Due to different connections of Finsler space, the
recurrence of different curvature tensors have been discussed
by R.S. Mishra and H.D. Pande [23] and P.N. Pandey [21].S.
Dikshit [10] discussed a Finsler space in which Cartan’s third
curvature tensor RJi-kh is birecurrent. F.Y.A. Qasem [6]
discussed a Finsler space in which Cartan’s third curvature
tensor R}kh is is birecurrent. F.Y.A. Qasem [6] discussed a
Finsler space in which Cartan’s third curvature tensor Rjkhi is
birecurrent of the first and second kind. F.Y.A. Qasemand A.
A. M. Saleem [12] discussed a Finsler space h-curvature tensor
Ujkhi . AM.A. Al-Qashbari [1] introduced the Rh-recurrent
space, the Rh-recurrent space is characterized by

Rjkhili= ALRjkhi+ul( Skigjh—6higjk) , Rjkhi# 0 ,
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where AL is non-zero covariant vector field known by the
recurrence vector field.

W.H.A. Hadi[15] discussedthe Rh-birecurrent space. Thus, the
Rh-birecurrent space is characterized by

Rjkh|Limi=atm Rjkhi+btm( Skigjh—S8higjk) , Rjkhi70,
where alm is non-zero covarianttensor field of second order
known by the birecurrence tensor field.

The metric tensor gij and the associate metric tensor gij are
covariant constant with respect to h-covariant derivative, i.e.

(1.3) a) Giy=0 and b) gf,’( =0
. 1 if i=k
.. ]k = k = ’
(1.4) 9ij 97 = 6 { 0 if i%k

The covariant derivative of the vectors y'and y; , vanish
identically, i.e.

(1.5) a) Yp=0 and  b) ¥ =0
(1.6) a) y;y'=F? and b)) g;=0y; =
ajyi .

The vectors y; and 6}, also satisfy the following relations
(1.7) a) &y =y’ and  b) &Ly, =
(1.8) a) 6} g’k = g and b) &L 6 =6k
(1.9 a) 8gi=gp and b)) gy =y

Using Euler,s theorem on homogeneous properties, this tensor
satisfies the following identities

(1.10) @) Ciyey'=Crjy' =Cjuy' =0
and b) Cjy' =Cyy' =0
(1.11) Cijk = Gnj Cch
The associate curvature tensor R;j,, ofthe curvature tensor
Len 18 given by
(1.12) a) Rijn = Irj Rirlgh
and b)  Rjxn 9" = Rjkn
The R-Ricci tensor R, , the curvature scalar R and the
deviation tensor H;
(113) a) R;’ki =Rjk’
and ¢) H=H;
The curvature tensor R}kh and curvature tensor jikh, satisfies
the relations

b) Ry g’ =R

(1.14) a) Rjun ¥y’ = Hip b)) Hjyy = 0jHyy,
and c) }-iki =Hj .

The scalar curvature H are given by

(1.15) H =(1-n)H .
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The quantities H }kh and H}, formthe components oftensors
and they are called h-curvature tensor of Berwald (Berwald
curvature tensor) and h(v)—torsion tensor, respectively and are
defined as follow [16]:
(1.16) a) H}'kh = 0; Gy, + GLy, G}'J- +G£h}- G, —h/k
and
b) Hi,=0, Gt + GL Ci, — h/k .

They are also related by [19]
(L17)  a) Hjy =Hyp
and ¢) Hy =0;H}
The process ofh-covariant differentiation, with respectto x* ,
commute with partial differentiation with respectto y/ for
arbitrary vector filed X!, accordingto [16]
(118) 4 (x5) - (4 Xx0), = x7(6; T%) - (8,XY) Pj.
In view of Euler’s theorem on homogeneous functions we
have:
(1.19)  a) Hyy/=—Hiy/ =Hj

and b) Jip jlk =Hjpi
Tensors P}, and P} are called P-Ricci tensor and the
curvature scalar, respectively defined by
(1.20) a) P}, y"=Pi

and b) Riyy = Kjn+ Chn Hi .
Also, the curvature tensor R}kh and its associate tensor
Ryjni satisfies the following identities known as Bianchi
identities
(121) Rjyjye + Ry + Rien; — (CheHJi + ChHigy + ChoHp) =
0
An n-dimensional Finsler space, Fig.(1.1), equipped with the
metric function f satisfies the requisite conditions [13].
Consider the components of the corresponding metric tensor
gij » Cartan’s connection parameters F]’;(‘ and Berwald’s
connection parameters Gjik (the indices i,j,k,... assume
positive integral values from 1 to n). These are symmetric in
their lower indices.

b) Irp Hjikh = ijkh

Fig. (1.1):
Finsler Space as a Locally
Minkowskian Space

Fig. (1.3) :

Fig. (1.2): B
Metric tensorg"/

Metric tensor g;;
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1I. ON NECESSARY AND SUFFICIENT CONDITION OF
GENERALIZED R*H-FOURECURRENT

Let us consider a Finsler space F, in which Cartan's third
curvature tensor R]i-kh satisfied the following generalized
recurrence condition
(2.1 R]l-kw = Ay Rixn + 1e( 0k Gjn — 6rGji ) Rjxn #0
where Il is h-covariant derivative of first order ( Cartan’s third
kind covariant differential operator ) with respectto x! and

As , pparenon-null covariant vectors field and such space is
called it generalized R"-recurrent space.
Let us consider a Finsler space F,, for which Cartan's third
curvature tensor R}kh satisfied the following generalized
birecurrence condition
(2.2) R}y pypum = @em Rjgn + bom (8 gjn = 6ngjk )
where |lIm is h-covariant derivative of second order ( Cartan's
third kind covariant differential operator ) with respect to x!
and x™, successively, a;, and B, are non-null covariant
vectors field and such space is called it generalized R"-
birecurrent space.
Taking h-covariant derivative of (2.2) with respect to x™ and
using (1.5a), we get
(2'3) le'k}vu[|m|n = Cé’mnR}kh + d{’mn( SIigjh - 6illgjk )a

Ripp #0
where [£Imin is h-covariant derivative of third order with
respect to x?, x™ and x™  successfully, Cpmn = Appn +

Aom /ln and d{’mn = ApmHUnm iesscalars + b€|m|n arc non-
zero covariant tensors fields of third order, called recurrence
tensors field.

Taking h-covariant derivative of (2.3) with respect to x° and
using (1.5a), we get

(2.4) R;kmﬂmnus = C{’mnsR}kh + dt’mns( é‘llcgjh - 6ilzgjk )’

ikn 0

where |fiminls is h-covariant derivative of four order with
respect to x¥, x™ , x™ and x°  successfully, s =
+ Apmshn + AomAns and

R]l-kh =0

A pmns A omns =

Apms Unm  iesscalar s + Apm Unsm  iesscalar s + b{’|m|n|s arenon-
zero covariant tensors fields of four order, called recurrence
tensors field.

The space and the tensor satisfying the condition (2.4) is
called R"-generalized fourecurrent space. We shall denote
them briefly by R"™-G-FR F,, .

A. RESULT

Every generalized R"-Fourecurrent space is generalized R"-
Trirecurrent space.

Transvecting the condition (2.4) by g, , using (1.3a), (1.12a)
and (1.9a), we get

(2-5) Rjrkhlt’lmlnls = C{’mnstrkh + d#mns (gkrgjh -

InrIjk )' Rjgen # 0
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Conversely, the transvection of the condition (2.4) by g™, by
using (1.3b), (1.12b) and (1.4), yields the condition (2.4)
Thus, we may conclude
Transvecting the condition (2.4) by y/ , using (1.14a),
(1.9b) and (1.5a), we get
(2-6) Hlihll’lmlnls = C[mnsHlich + d?mns( 612 Yn — Sill Vi ) .
Transvecting (2.6) by y¥, using (1.17a), (1.7a), (1.6a) and
(1.5a), we get
(2.7) H!

némins

C{’mnstil + dl’mns(yiyh - 6}1 FZ) .
Thus, we may conclude

B. Theore2.1. In RP-G-FRF,
of fourth order for the h(v)-torsion tensor Hf, and the
given by (2.6) and (2.7),

, the h-covariant derivative

deviation tensor H}
respectively.

Differentiating (2.6), partially with respect to y/, using
(1.14b) and (1.6b), we get

(2.9 6 (Hlihlé’lmlnls) (ajcfmns) H}ih + Comns Hjikh +
(0;d omns) (8L yn = 8L ¥ie )+ domns (8% gjn — L g ) -

Using the commutation formula exhibited by (1.16) for ( khlf’lmm)

in (2.8), we get
2.9) 0( Iihl#lm|n)|3 + HI:hIflmm(a F’”S) H h|€|m|n( 0; F,:; ) -
kr|€|m|n( o, ) Hlihlrllmln(a I ) Hkh|l|r|n(afr";§ ) -
khlllmlr(a L) — 6, ( khI{’lmIn)Pr
= (0;comns) Hip + ComnsH ikn + (0;d pmns) (L yn — 8L yi)
+ domns (8L gjn— 8k gjic)

Again, applying the commutation formula exhibited by

(1.16) for (HL

];m,lm) in (2.9), we get

(2.10) { 9 (Hlihlflm)}mls [ khmm(a I ) rh.e.m(éj%ﬁ) -
krlflm(a ) khlrlm(a Fl ) 6 (Hlihlﬂm) P'T ]IS +
khlt’lmln( ) - Hrmmmm(a' ) krlflmln(a ) -
im0 T2) = Hypn (OT5) = Hypy o (1

h [{0 (Hiihll’lmln)}I +ngh|£’|m|n(a F*l) le.mm(arrif -
kqmmm(a Fus) Hkhlqllmln(a ) - Hkh””qm(arr;g -

khllllmlq (6 F*q) 6 ( khh‘,’lm)PT ] (ajcfmns)Hlih + C{’mnsHjikh
+(ajd{’mns)(§k3’h - 6hYk) + d{’mns((skgjh - aillgjk)-

Again, applying the commutation formula exhibited by

(1.16) for (Hp,) in (2.10), we get

(2.11) (aleimz)lmmls + {Hkmz(a l“;;ln) th”(a )
krll(a ) - Hlih|r(afrl:n)
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= @ Hin0) Pl Ymis + [H i (O ) = HY o (917) —
Hinom (9jTi)
khlrlm(a Fl ) 6 (Hkhlflm) PJ; ]IS + H;mmmm(éjrg) -
H, o (OTE)

Hlirh‘,’lmln(a F’::) khlrlmln(ajrgg) -

khlllrln(a Fﬁl’;) Hkmumw(a'rr;sr)

[{a (H’ihlflmln) } + lelhll’lmln(a Fq*;)

*q *q
qhmmm(a F ) qu’lmln(a F
*q *q
khlqllmln(a D ) Hkhlluqm(arrms) -
*q
Hlih|l||m|q F ) a (Hkhmm) n] JS

= (ajcfmns)Hkh + Cé‘mnsHjikh + (a] d{’mns) (é‘licyh -
fllyk) + d{’mns (Sligjh - 6illgjk)-

Further, applying the commutation formula exhibited by
(1.16) for (HL,)in (2.11), we get

(21 1) (ajHlih)lllmlnls + { Hl:h(a F*L) ;h(ajrk*{) - Hlir(éjri:lr) -
(O'TH,ih)P-T }|mm|s
+{Hkh|l(airr*rin) - Hrlmz(a ) Hkru(afrgrrn) -

Hlih|r(ajrlm) - (6 Hlihu) :n}|n|s
[ khli’lm(a F;n) thmm(a ) Hk‘rl{’lm(ajrf:;) -

khmm(a T
— 0, (Hlihlflm) B lis + Hyormn (O58) = HE, (91T —
Hieimim (T3 )
kh|r|m|n(a ) Hkh|l|r|n(afr7;r5) -
Hlih|l|m|r(a'rrg) - [{6 (Hlihlflmln)}ls
+ nghh‘.’lmln(a F*L) thlflmm(arrlzg -
kqmmm(a F*q) khlqllmln(a F*q
Hlihuuqm(a F*q) Hkhllll‘mlq (6TF,:g -
Bq(H., p) o] P = (3jCemns) Hin
+ Comms Hjn + (0;d pmns) (8kyn — Shyi) +
Aomns(OkGjn — 819 ji) -
Using (1.17b) in (2.11), we get
212)  Himms T (RO = B (1) = H (9157) —

(@-H{n)P] }lm.ms
khu(a L) = rhu(a Tiem) = Hkrll(ajr}:;;z) -
Hipr (358) = @ Hi ) P iis
+H BT ) = HY, o (95T
khmm(a )
6 (H’ihlflm) B lis + H;:mz.mm(éjrgsi) _
Hyrieomm (9155 )

) Hkrlt’lm(aj Ff:;) -

Hrih|f|m|n(a}' FI:sr) -

Journal of Science

and Technology LY


https://doi.org/10.20428/jst.v28i2.2034

Iihmmm ) Hkmurm(ajrr;lrS) -
H}imllmw(a'msr) =1 {ar (Hlihl{’lmln)}l
+ I-Ilfhmmln(a Fﬂ) thlt’lmln(arrl:g -
kqmmln(a F*q) Hkhlqlmln( F*q
khmqm(a F*q) Hkhlllmlq (@F;g -
Oq(Hy ) P B = (0jCemns) Hin
+ Comns Hjikh + (ajdt’mns)((slicyh — Shyi) +
demns (G gjn — 1,9k
This shows that
(2.13) H]Lkhli’lmlnls = Cemns Hjikh + demns( 611;5 9jn— 6;1 9ji)
if and only if
@14)  (HOY) - By (L) - Hi (T]) -
(O Hin)Pi Yomamts + (Hign (97T5)
rhll(a Tim) = krll(a Trm) — Hkh|r(a nr) -
@ Hin)Pimdinis + Hipygim (974
rhu’lm(a ) krl{’lm(a ) Hkhmm(ajrljzr) -
khlllr(a mn)
0 (Hkhmm) B s + Hipomm O T8) = Yy (G —
H}irmmm(ajrftsr)
kh|r|m|n(a ) Hkhlllrm(a FTX?) Hkhlllmlr(ajr‘frsr) -
[ {aT (Hlim&mm)}l
+ Hlfhlflmln(a F*l) thlt’lmln(arrl:g -
kqmmln(a F*q) Hkhlqlmln( F*q
khmqm(a F*q) khlllmlq (érrr:g -
g (Hypp) Pl By = (0jCmns) Hin
= (O emns) (8iyn = 81yic) = 0

Thus, we may conclude

Theorem 2.2. In Rh-G-FRFn , Berwald curvature tensor
}kh is generalized fourecurrent tensor if and only if (2.14)

hold good.
Transvecting (2.12) by g;, , using (1.3a), (1.17b), (1.19b)
and (1.9a), we get
(2.15) Hjpmemmmnis + {9ip Hin (1) — Hepn(8T7) —
Hypr (0T57) = Gip @rHEDPY Yomims

+{ 9w H,:h”(ajr;,in) - Hrphu(éjFI:;J - Hkprll(ajrﬁrrn) -
Hkpmr(ajrﬁrrl)

= Jip (arHlihH) Pindis + [ 9ip H,:hlg,m(éjrfril ) -
Hrphlflm(afrl::l) - Hkprl{’lm(ajrl:;)

_Hkphlrlm(ajrl:lr) - Hkpmmw(ajmfn) —Yip ar (Hlihh?lm)
Jip Hl:hwlmln(ajF;SE)

P
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~Hpmm (87568) = Hiegrumin (85T ) = Hicprurmm (85T70) =
Hyeprurin (0T

—Hpnumr (0T57) = [{gipar (H,ihlf,mm)}ls +
Yip khh{’lmln(a ) H (0 F*q

Hkpqlll‘mln(ar hs) Hkphlqlmln(a inq -

Hkphmqm(ar ms) - Hkphlll‘mlq (6 F*q

~Gip Oq (Hypyp)Pr] P =
Cemns Hipin

+ Gip (0demns) (8Eyn — 8hyic) + domns(Gip 9jn —

gphillmin

(6 C{’mns) Hkph +

)

This shows that

(2.16) ijkh|€|m|n|s = Comns Hjpren + dt’mns(gkp 9jn—
Inp 9jk )

if and only if

Q17 {9ip Hen(OTF) = Hrpn (957) = Hipr (3T57) —

YGip (arHlih)Pﬁ }lmlnls

+{ 9w H;h”(a L) — Hrphll(a im) — Hkprll(a Tym) —
Hkphlr(a'jrl::t)
= Jip (3rHIih|z) Prdims
HTphIflm(ajF;:l) - Hkpr|{’|m(3jrirrrl)

[ Yip Hltmmm(a'j[‘;?il ) -

_Hkphlrlm(ajrlj{) - Hkphlmlr(ajrrml) — Yip ar (Hlihlt’lm) P];] Is +

Gip Hl:melmln(aiF;Si)

_Hrphlmln (6]Fk*sr) - Hkprlllmln(ajrfg) - Hkphlrlmln (aj
Hkphmrm(‘jjrr;%)

_Hkphlllmlr(ajr‘rg) -
9w Hl?hl#lmln(a Tis) = quhlllmm(é T

Hkpqlllmln(a ) Hkphlqlmln(a F*q -

Hkphlllqln(a ) Hkphlllmlq (6 F*g

= 9ip 0g(Hpp )Pt By — (0jCemns) Hipn —

Jip (0demns) (8, yn — Shyic) =0
Thus, we may conclude

Theorem 2.3. In RP-G-FRF,
tensor Hjp,, of Berwald curvature tensor H}kh

7)) -

[{gip‘jr (Hlihl{’lmln)}ls +

, the associative curvature
is
generalized fourecurrent tensor if and only if (2.16) holds
good.

Contracting the indices i
(1.14c) and (1.13c), we get
@18)  Hyypne + (HG(OTT) = He (O57) - HE (0T77) —
(9-Hy )P},

and h in (2.12), using (1.7b),

}|m|n|s

] kul(a FT*}") Hru(a F*r ) Hkrll(a F*r) Hklr(a Flm)
éaTHkH)Pj:n}lms

kLI{’lm(a Fr*}l

jnljs

—H 0 (OT7) - (1) -

rlflm

klrlm(a Fl )
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6, (H
(o)
klrlmln(afF;;) - Hk|l|r|n(a.jr‘r;‘1rs) -
Hklllmlr(ajr‘r:;r) - [ {ar (Hkli’lmln)}ls

k|€|m)

krlf’lmln

q * 3 17
-l_Hkil{’lmln(a L L) quflmln(arrks -
*q *q
kql{’lmln(a F ) Hqullmln( F
*q A *q
klllqln(a L ) klllmlq(arrns -
g (Hypum) P Py = (8;Cemmns) Hy,
+ Comns ij + (ajdi’mns)(yk - Yh) + domns(1—
n)Jjk
This shows that
(2.19) ijlllmlnls = Comns Hy + (1—n) demns Gjk
If and only if
2200 {HG(O)) - He (O57) - Hi (177 -
{H,(9,Th)

_Hru(a T ) krll(a F*r) H'\'-IT(a l“lm) -
(aTHk|l)Pj7;n}|n|s + [1"1,a|£,|m(6'1}*}1 )
rlt’lm(a FI:‘ITI) Hkr|[|m(ajri:{) - Hklrlm(ajr‘,’;{) -

Or (o) B is

+ HI:ut’lmln(ajF;si) - Hrl{’lmln(a Fl:sr) Hkrwmun
B irimin 61-1“;;)

~Hy1irin (OT5%5) = Hygy (OT3) =

[{3T (Hklflmm)},s kuﬂmm(a F*é)

_qumm( ‘T ks) Hkqmmm( rri*sq -
Hqullmln(arrl;q) - Hklllqln(a F*q

_Hk|l|m|q (6 F*q) d (H}ﬂﬂm)Przl] Bg — (6jc4.’mns)Hk
(0;d prmns) Y = Y1) = 0

The equation (2.19) shows that the H-Ricci tensor H;, can't
vanish, because the vanishing of it would implies d ;s =
0,if and only if (2.20) hold good, a contradiction.

Thus, we may conclude

Theorem 2.4. In R™-G-FRF,, , the H-Ricci tensor Hj can't
vanish if and only if (2.20) holds good .

III. ON GENERALIZED R”H-FOURECURRENT-AFFINELY
CONNECTED SPACE
In this section, we shall introduce new definition for RP-
G-FRF,, , whose also possess the properties of an affinely
connected space .
Definition 3.1.
connection parameter, G }k is independent of y!is called an

A Finsler space F,, , whose coefficient

affinely connected space (Berwald space). Thus, an affinely

https://doi.org/10.20428/jst.v28i2.2034

T s + kalmm(a L) —H h{’Imln(a r;7) connected space is characterized by any one of the following

equivalent equations

The coefficients connection parameters [y}

and
of Cartan and
G L, of Berwald coincide in affinely connected space and they
are independent of directional argument [16], i.e.
(3.2) a) 0;Gl,=0 b) 9T,
Definition 3.2. The generalized R"-fourecurrent space which

*l_

and

possess the properties of an affinely connected space [ satisfies
any one of the equations (3.1a),(3.1b), (3.2a) and (3.2b) | will
be called it a generalized R"-fourecurrent affinely connected
space and denoted briefly by RP-G-FRF,, - affinely connected
space.

Remark3.1.1t will be sufficient to call Cartan's third curvature
tensor Rl which possess the property of RP-G-FRF, -

(8- Hy )P hmiaffinely connected space as generalized h-forrecurrent tensor (

briefly by RP-G-FRF,) .

Let us consider RM-G-FRF,, - affinely connected space.
In view of the theorem 2.1 and definition 3.2.
conclude

Theorem 3.1. In generalized R"-recurrent a ffinely connected

, We may

space, the generalized R"- birecurrent affinely connected is RP-

(ajri*sr) _G-FRF, - affinely connected space.

Using (3.2b) in (2.12), we get

(3.3) H]lkhlllmlnls {(6 Hkh) jt }lmlnls -
[ 0r (Hlihmm) P'r ]IS

=1 {6 (Hlihlflmln)}|

+ (a.jdi’mns)(&icyh - Siilyk) + d#mns(dligjh - 5li'ngk)

= g (Hyym)Pn

i
Cemns ijh

— This shows that

(34) H}msormm = Cemn Hien + demn (85gjn = 81956)
if and only if

(3~5) {(arHlih)Pﬁ }|m|n|s + {(aTHlihH)Pj:n}lnls + [ar (Hlihlflm)

[{6 (Hlihlt’lmln)}w

+d,(H
Siyi) =0 .

khl{’lm) ™m

Further, using (3.2b) in (2.12), we get

(3.6) ijkhl{’lmlnls —{ 9w (a.rHlih) Pﬁ }Imlnls -

—[9w fjr (Hlihlflm) FJ’:I] Is — [{ gipa’” (Hlihlt’lmln)}
Jip aq (H,ihmm)Pri] P};

= (8jci’mns) Hkph + Comns ijkh +
YGip (ajdfmns)( 6IL<3’h - 6}11Yk)

+ dfmns(.gkp 9jn—
This shows that

Is

)

Journal of Science
and Technology

{(6,« Hlih|l)Pj:n}|n|s -

q] 1—}; + (éjcfmns)HIich + (a.jd{’mm)(alicyh -

B ] P]s = (a.jcfmns)Hlih +

':1]|s +

{9ip @rHinp) Prdings
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3.7 ijkh|£|m|n|s = Comns Hipkn + d{’mns(gkp 9jn—

Ihp Gjk )
if and only if
(3-8 {gip (aTHlih) Pﬁ }Imlnls + { Yip (a‘leihll) Pj:n}lnls +

L9 3r (Hlihmm) %Z]IS
+ { GipOr (Hlihl{’lmln) }
(ajcl’mns) Hkph
+ Gip (ajd{’mns)(allth - 6}113’k) =0
Thus, we may conclude
Theorem 3.2. In R"-G-FRF, - affinely connected space H,ijh

and its associative H]-p

trirecurrent tensor if and only if (3.4) and (3.7), respectively
hold good.

s + gip g (H;i(mg|m) Pr?l ] P]?; =

kn curvature tensor are generalized

(3.15) H}iﬂlmlnls - yk{ (a.rHlih)Plr }|m|n|s - {(a.rH}ihU)P‘rﬁ}mp -
V<107 () P Nis
= Y U0r (H o)} = Oa )P BT =
T\ kntimin/J A\ kheim/ Tl °S

(éjc{’mns) Hiiz yj t Cemns Hiil
+ (ajdgmns)(yh y" - 6)LIF2 ) ¥+ demns(Yn yk - 6)LLF2 ) -
This shows that

(316)  Hlyins = ComnsHi + demns( yn v — 85 F?)
ifand only if

GBIV O P Yomints + L@ i )Pt mgs + Y*10x (H ) T 1is
+ yk [ {ar (Hlihlflmln)}ls - aq (H,ihmm)Przz] A+ (ajC{’mns) H}l; yj

+ (3jdfmns)(yh yk - SiiLFz ) yj =0 .
Thus, we may conclude
Theorem 3.3. In R"-G-FRF - affinely connected space, the h-

Transvecting (3.3) by yJ , using (1.53), (1.73), (1,9b), (1.20) and (1. Jgggvariant derivative of fourth order for the h(v)-torsion

we get
(39 Hlih|l|m|n|s —{ (aTH}éh)Plr }Imlnls - {(aTHléhll)PTg}lnls -

(3 (Hipmn) P D

tensor Hp, , its associative tensor Hy,, and the deviation

tensor Hj given by (3.10) ,(3.13) and (3.16) if and only if
(3.11),(3.14) and (3.17), respectively hold.

! {6T (Hlihlt’lmln)}ls - 3q (Hlimﬂm)Pr?l] K= (ajcfmns) Hin yéiﬁntracting the indicesiand h in (3.3),using (1.13c¢), (1.14c),

Comns Hlf’.h
+ (3jdemns)(5ziYh = 85yi) ¥ + dpmns(SLyn — Shyi) -
This shows that
(310) Hlihlé’lmlnls = Cé’mnsH}ich+ dt’mns(‘sli()’h - 5}ilyk)
ifand only if

(1.7b) and (1.4), we get
(318)  Hynims = (@rHi P dmmis = (@rHig )P} imys =
(8- (Higom) B Jis

= 10 (Hgomin)} . = Pa i) PR B = (§icemns) i +

G1D  AGHEP Ymnts + (@ Hin)Phdings + G (Hiy ) PR s Comns Hi . )
. i +(1—Tl) ad[ yk+(1—n)d[ gik -

+ a HL ] mns mns Jj

[{ r( kh'f'm'")}m This shows that

. ; q . S . .

‘ . +aq (H;ihmm)Prn] K+ (ajcl’mns) Hlih ¥+ (ajd{’mns)(allth —(319) ijlllmlnls = Comns ij + (1 —n) domns ik
Siyk)y =0 ifand only if
Transvecting (3.9) by g;r, using (1.3a), (1.9a) and (1.19b), we get (3.20) {(6'er )Pﬁ Yommis + {(a'THkH)Pj:n}lms +[0, (Hmmm) P;:q Iis +

(312)  Hppiimims — 9ir{@rHi) B Ymmis = {Or HiyDPi s =
[ girar (Hlihlt’lm) Pnr]|s
o o o
- [gir{ar (Hlihh‘.’lmln)}ls — 04 (Hlihlt’lm)Prn] K=

(ajc{’mns) Hypn ¥+ Comns Hypp,
+ gir(ajdfmns)(GLYh_ 6;13/k) y] + dt’mns(gkryh - ghryk)
This shows that

(3.13) Hkrhl#lmlnls = ComnsHyrn + domns( GkrYn — gnYi )
ifand only if
(3'14) gir{(arHléh)Plr}lmlnls + {(arH}ihll)PTrTl}lnls +

[ girar (Hlihll’lm) Pr{]ls
. . . . a
+ [gir{ar (Hlihw.’lmm)}ls —0q (Hlihll’lm)e’n] R+

(ajC{’mns) Hyrp yj
+ gir(ajdfmns)(é‘th_ 6;1yk) yj =0

Transvecting (3.9) by y* , using (1.5a), (1.6a), (1.7a) and (1.19a), we gef
gf{ar (Hkmmm)}
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. (32D

{0 (Hupmn)}

- aq (Hkmm)Przz] 1’}: + (ajclmns)Hk =0.
Contracting the indices iand hin (3.9), using (1.13c), (1.7b) and (1.4), we
get
Hk|l|m|n|s - {(aTHk )Plr}lmlnls - {(aer|l)Pnr1}|n|s -

[ 3 (Hiygpm) P is
- [ {ar (Hkll’lmln)}ls - aq (Hkll’lm) Bgl] R?r = (ajc{’mns) Hk yj +
Comns Hy

+(1 - n)(a}'d{’mns) Yk yj + (1 = 1) domns Vi -
This shows that

(3.22) Hk|l|m|n|s = Comns Hy, + (1 —n) demns Vi
ifand only if

(323)  ((BrH OB Ympmss + (O Hig)Bidmgs + [0 (Hopp) B s +
IS
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—0g(Hyy ) PP + (0jComns) Hy ¥ + (1 —

n)(éjdt’mns) Yk yj =0
Transvecting (3.21) by y* , using (1.5a) and (1.15), we get
(324) Hlllmlnls - {(0-H )PlT }Imlnls - {(aTHll)P"ﬁ}lnls -

[ dr (Hl{’lm) Pr”ls

! {6r (Hlflmln)}m - c:?q (Hlflm) Pr‘;] K= (ajcf’mnS) Hyj +

Comns H
+(1 - n)(ajdfmns) F2yl+ (1 —n) dpmns F? .
This shows that

(3.25) H|l|m|n|s = Comns H + dpmns F?
ifand only if
(3-26) {(drH )Plr }|m|n|s + {(a'rH|l)Prrz}|n|s + [ a‘r (Hmm) Pnr]|s +

o (i)}

- 3q (Hmm) Przz] K+ (ajcfmns) Hyl + (6jd€mns) F2yl =0

The equations (3.19),(3.22) and (3.25) show that the H-Ricci
tensor Hj, ,the curvature vector Hy, andthe scalar curvature H,

can't vanish, because the vanishing of any one of them would
imply dpp, =0, if and only if (3.20), (3.23) and (3.26),
respectively, hold, a contradiction.

Thus, we may conclude

Theorem 3.4.In RP-G-FRF,, - affinely connected space, the H-
Ricci tensor Hj, , the curvature vector Hy and the scalar

curvature H, are non-vanishing if and only if (3.20), (3.23) and
(3.26), respectively hold.

IV. CONCLUSIONS

(4.1) The R"-generalized fourecurrent space is called R"-
generalized fourecurrent affinely connected if it satisfies any
one of the conditions (3.1a), (3.1b), (3.2a) and (3.2b).
(4.2) In R™ -affinely connected space, if the directional
derivative of covariant vector field and covariant tensor of third
order are vanish, then Berwald curvature tensor Hj, is
generalized fourecurrent.
(4.3) In R" -affinely connected space, if the directional
derivative of covariant vector field and covariant tensor of
fourth order are vanish, then h(v)-torsion tensor Hi, , the
deviation tensor HY,, the curvature vector H,, , the curvature
scalar Hand the tensor H,,,, are all generalized fourecurrent.
(4.4)In RP-G-FRF,,- affinely connectedspace, Ricci tensor Hj,
in sense of Berwald coincide with Ricci tensor R, of Cartan's

fourth curvature.

https://doi.org/10.20428/jst.v28i2.2034

(4.5) In RP-G-FRF,, - affinely connected space the associate
curvature tensor Hj, ., of Berwald curvature tensor coincide

with the associate curvature tensor R;

ipkn Cartan’s fourth

curvature tensor.

V. Recommendations
Authors recommend the need for the continuing research
and development in Finsler space due to its vital applying

importance in other fields.
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