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Abstract

In this paper, we introduce new binary operations on graphs. In fact, we obtained
some other product operations, called them classic product operations from union of
two or more new product operations. We examined the relationship between new
binary product operations and classic product operations.
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1. Introduction

A graph G consists of a non-empty set of elements called vertices and a list of
unordered pairs of these elements called edges. The vertex and the edge sets of a
graph G are denoted by V (G) and E (G), respectively. Throughout this paper, we
consider finite graphs that have no loops or multiple edges. The degree of the vertex
(v) is the number of edges joined with this vertex is denoted by &(v) . The notion
[V | and | E | are used to indicate the number of vertices and edges respectively [2].

Let G be simple graph with p vertices. The complement graph G°¢ of G is

defined to be the simple graph with the same vertex set as G and where two vertices
U and v are adjacent precisely when they are not adjacent in G . Roughly speaking
then, the complement of G can be obtained from the complete graph Kp by

"rubbing out" all the edges of G [1].

A product binary operation, creates a new graph from two initial graphs,
some binary operations called them Elementary Binary Operations, They create a new
graph from two initial graphs by change of vertices or edges or both such as union or
join, some other binary operations called them product binary operations, They also
create a new graph from two initial graphs, where the resulting graph has the same set
of vertices but its set of edges depends of the considered operation, such as tensor
product, cartesian product, strong product, composition, symmetric difference and
disjunction [5].
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1.1 Definition: If G, and G, be two simple connected graphs, then
(a)The vertices setsare defined as follows [3]:
V (G,0G,) =V (G, »xV (G,) , where Ce{®,x,*,0,®,\}
(b)The edges sets are defined as follows [3]:
(1) E(G,®G,)={(@b)c.d):[ac cEG,)bd €EG,)}
(2) E(G;xG,)={(a,b)c,d):[ac €eE(G,),b=d] or
[bd €eE(G,),a=c]}
(3) E@G,*G,)={(a,b)c,d):[ac eE(G,),b =d]Jor[bd €E (G,),a=c]
orlac eE(G,),bd €E G,)]}
(4) E(G,°G,)={@ab)c.d):[ac cEGlor[bd cE(G,).a=cl}
(5) E@G,9G,)={(a,b)c,d):[ac eE(G,)Jor[bd €E (G,)]} but not both
6) E(G,vG,)={@ab)c.d):[ac cEGor[bd cE(G,)]}
For convenience, we will call the cartesian product G, xG,, strong product G, *G,,
composition G, oG,, symmetric difference G, @G, and disjunction G, vG,
classic product operations.
1.2 Lemma: Consider two graphs G, and G, where
IV G)I=pulV Go)I= P EG) =0, and [EG,) =4,
(2)The number of vertices sets are equals [4]:
IV (G,[G,) |= p,p,, where Oe{®,x,*,0,®, v}
(b)The number of edges sets are equals [4]:
(1) [EG,®G,)[=2q.0,
(2) [EG,xG,)|=a,p,+d,p,
@) |EG,*G,)I=a,p, +0,p, +20,0,
@) |E@G,°G,)I=a,p; +a,Pp,
(5) | E (Gl @Gz) |: q1p22 +q, p12 _4q1q2
(6) |E@G,VvG,)|=a,p; +0,p! —2q,4,
In this paper, we symbolize with some new product operations on graphs, denoted
®, , where i €{1,2,...,7}, and defined as follows:
1.3 Definition: If G, and G, be two simple connected graphs, then
(a) The vertices sets are defined as follows:
V(G,® G,)=V (G,® G)=V G,)% G,)
(b) The edges sets are defined as follows:

Journal of Science & Technology

Vol. (21) No. (1) 2016 76
DOI: 10.20428/JST.21.1.7



http://dx.doi.org/10.20428/JST.21.1.7

New Product Binary Operations on Graphs

(1) E(G,®,6,)={@b)c.d):[ac cE(G,).b=d]}

(2 EG,®,G,)={@b)c,d):[a <E (G,)bd cE G}
(3) E(G,®,G,)=(ab)c,d):[a=c,bd eE(G,)]

(4) EG,®,G,)={@b)c,d):[a=c.bd cE G}

(6) E(G,®,G,)={@b)c,d):[ac cE(GS),bd <E G,)}
6) EG,®,G,)={@b)c,d):[ac EG:)b=d]}

(1) E@G,®,G,)={@b)c,d):[ac cEG;)bd <E G}

Along this line we fund that the tensor product operation play a prominent role in
the sequel. For convenience we consider this operation is a new product operation and

we will denote this operator by ®, rather ® . Any other unexplained terminology is
standard as in [5-10].

2. Properties for a new product operations
In this section we will compute the properties for a new product operations
2.1 Lemma: Consider two graphs G, and G, where; |V (G,)|=p,,

IV (G,)|= p, The number of vertex sets are equals:
VvV G,® G,)|=p,p,:i =1,2,...,7
Proof: By definition 1.3 we have
V(G,® G,)=VG)xV G,)
then it’s easy to see that
IV G, ® G,) IRV G) <V G,) = p.p,. T

2.2 Lemma: Consider two graphs G, and G, where; |V (G,)|=p,,
vV G,)|= p,,| E(G,)I|=0, and | E(G,)|=0, The number of edge sets are equals:

D) [EG,®,G,)|=a.p,

2 |E(@G,®,G,)|=240; = p,0,— P8, — 20,0,

@) [EG,®;G,)[=a,p,

@ |EG,®,5,)I=a:p, = 3 (P.Pi — P.P, —2P.d.)

(5) I E (Gl ®562) |: quqz = p12Q2 —Pa, _2q1q2

©®) 1E(G,®,G.)[=a5P. = 2 (P.pl — PP —2P,0,)

(7) | E (Gl ®7(:"‘2) |: quqg = %[pl(pl _1) —2q1][p2(p2 _1) _ZQ2]
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Proof: We have G, UG, =K b, where K by be complete graph with p, vertices, then

It follows that

that is

Therefore

1. We have

|EG, VG IFIE(K,)I= GH
IEG)I+IEG) = (Y
q,+a; = (3')

0F = (), i =12

|E G, ®,G,) =AUy V1)U,V ,) : Uy, €By), (v, =V,)}

For a fixed vertex V inV (G,), there exists an edge between (u,,v) and (u,,v),
where u,,U, are adjacentin G, . Theref ore, |E (G, ®,G,)|=|EG,) ||V (G,)|=q,p,.

2. We have
Note that
So

|EG,®,G,) [F{UsV,)U,v,): (Uy, €E,) Gy, €E;)}

|IEG,®,G,)IFIEG, ®,G;)|
|[EG,®,G,)|I=2|EG)I-|EG;)I

It follows that | E (Gl ®sz) |: Z[ql][% pz(pz _1) _qz] = [ql][pz(pz _1) _Zqz].

that is

3. We have
By writing
we find that
4. We have
We can write

It follows that

5. We have
As

then

6. We have

We can write

It follows that

|EG,®,G,)|= p7a, - P9, —20,0,.
|EG,®,G,) [F{u,v)U,v,): U, =u,), v, €E,)}
|[E@G,®,G,)|=|EG,®,G))|,
|E G, ®,G,)[=0,p,.
|[EG,®,G,) |I={Uu,v,)U,V,): U, =u,), by, €E;)}
|IEG,®,G,)|FIEG; &G)IFEG;)I|-IV G
IE(Gl®4Gz)I=%(plp§ — P1P, —2p.g,)-
|EG,®:G,) [={U,v,)U,V,):(uy, €E;) vy, €E,)}
|EG,®5G,)I=2|E@G;)|-|[EG,)]
|E G, ®5G,)|= p/d, - pd, —294,
|EG, ®:G,) [={Uu,v,)U,V,):(uu, €E;), (¢, =v,)}
|EG,®:G,)|=IEG; ®&G,)IFIEG))I-IV G),)|
|EG,®,G,)I= - (PP} — PP, —2p,0,)
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7. We have |E G ®,G,) [F{Uyv )U,v,): (U, €Ef), 0y, €ES)}

We can write |EG,®,G,)[FIEG; ®G;)[=2|EG))|-|E@GS)]
1

It follows that | E (Gl ®7Gz) |: E[pl(pl _1)_2q1][p2(p2 _1)_2q2]- u

2.3 Lemma: If G, and G, be two graphs where; |V (G,)|=p,,
IV G,) = po,| EG)I=a, and [E(G,)[=0,., then

(D) Sy, UV)=5U

2) o 10,6, u ,v):5Glu56§v

(3) o, V)=,

@ 5 uv)=50

) Fyoge,UV) =3 Y

©) o0,V =50

(") Ge.e,UV)= 5Glcu 5va

Proof: (1) We have Fs,e0, UV) =2|E (G, ®,G,)|=2q,p,

(uyv)ev (Gl®1GZ)

Therefore Z 561®1G2 u,v)= Z 5G1u Z 1
(uyv)ev (Glez) uev (Gl) VeV (GZ)
We can write 5Gl®1<32 u,v)= Z 5elu
(uyv)ev (Glez) (uyv)ev (GleZ)
It follows that X.ec. UV)=5uU
1°1°2 1
(2) We have D> Fee,UV)=2]|E(G,®,G,)I= 4945
(uy)evy (Gl®2G2)
Therefore Z Gl®2 ( V)= Z 561u z 5@5\/
UV (GxGy) uev (Gy) vey Gy)
We can write -
Fsye,e, UV) = >, U Sva
V)Y (GxG,) V)Y (G>Gy)
It follows that %, @,0, uyv)= O U 5G§v

Journal of Science & Technology

Vol. (21) No. (1) 2016 79
DOI: 10.20428/JST.21.1.7



http://dx.doi.org/10.20428/JST.21.1.7

New Product Binary Operations on Graphs

(3) We have

Therefore

We can write

It follows that

(4) We have

Therefore

We can write

It follows that

(5) We have

Therefore

We can write

It follows that

(6) We have

Therefore

We can write

It follows that

Uv)=2[EG,®,G,)|=29,p,

Gl®3
uyv)ey (Gl®3 2)

D Fee, V)= D1 D SV

V) (GG,) uev (Gy) ve/ (Gy)

> Sy

5el®362 uyv)=
uyv)ev (Glez)

(uy)ev (GleZ)
o) u,v)=0-.v
(.‘-:1(>33G2 ( ) G-2

5G1®4GZ uyv)=2EG,;®,G,)|= qu P,

(uyv)evy (Gl®4Gz)

5Gl®462 uyv)= Z 1 z 5ch

(uv)eY (G<Gy) uev (G vev (Gy) 2

Soye,0, UV ) = > o

G
UNv)e (G>xGy) V)V (G=G,) 2

5G\1®4GZ u,v) = 5@5\/

U.v)=2|E@G,®;G,)|=2(20,4,)

G1®5
(uy)ev (Gl®SG )

> Sec,UN)= D S .U D> &V

(Uv)eY (G>G,) uey (G)) 1 vey (G,)

Y. S, >, S u5 N

(Uv)e/ (GxGy) uv)ev (GG 2)

uyv)=
5Gl®265 uyv)= 5(;16” OV

fo)
2. e,

UV (G;®6G5)

U.Vv)=2|EG,;®:G,)|=2d,p,

Soyoqe, UN) = D] 5Gfu > 1
(uyv)ev (GleZ) uev (Gl) vev (G2)
> e, UV)= > S

(uv)eV (GxGy) C1

(u v)—é‘ u

(uyv)evy (GleZ)

o,
G1®6G
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(7) We have > Gs,0,6, UN) = 2| E(G, ®,G,) |= 2(29;4;)
(uyv)ev (G1®7G2)
Therefore Y. Fee,UV)= D é‘GlCu > 5@5\/
(uyv)ey (Glez) uev (Gl) ve/ (GZ)
We can write Y., e, UV)= > 5Gfu 5va
uyv)ev (Glez) uyv)ev (Glez)
It follows that %, ®,0, u,v)= 5Glcu 5(;5\/ N

2.4 Corollary: 1f G, and G, be two graphs, then we can see easy

1. All new product operations are noncommutative, except zero product
operation G, ®, G, and seventh product operation G, ®,G,.

2. All new product operations are associative, except second product
operation G, ®, G, and fifth product operation G, ®, G,.
2.5 Example: If G, and G, be two graphs follows in figure 1,

Then the graphs of a new product operations follows in figure 2.

uyp uy ® &
Vi V2 V3
uz uze G,
us ujz
U 4 8 [ J
Vi V2 \E
G, G1 S

Figure (1): Two Graphs (G1-G2)
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(us (g vy) {uy, va) (uy. va)
(uz. v (s, vy) {uz, va) (2. wa)
(ua, v (us. vi) (us, va2) (us.vs)
(1 (g, vy (us.vs)
G &y G2
(up,vy) (v (uy.va) (uy, val
[CERR Y] (wa,vi) (uz.va) (az, vi)
(us, va) (wa,va) (wa, va) (wa.va)
L = > -
(g, vyl (g, vz} (ug,v3)
{ug. vy)
G @23 Go
(up.vad

(ua, vy)

(uz, vi)

(ua, Vi)

(ug,vy) . [CTAAEY]

-
(uz,vi)

{us, vy)

(uy, vy) (v, va) (ug, vl

G, @6 G2 G @7 Ga

Figure (2): New Product Binary Operations

3. Comparison between new and classic operations

In this section, we investigate the comparison between our new product operations
and classic product operations.
3.1 Theorem: If G, and G, are two simple and connected graphs, then

3

) U G.® G,) =G, %G,
Proof: We have V (G, ®,G,)u(G,®,G,)=V G, xG,)=V,xV,
As EG,®,G,)={U,v)u,Vv,):uu, eE, v, =v,},
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EG,®,G,) ={U,v,)U,V,) vy, €Eyu; =u,}.

3
Then U EG,®, G,)={l,Vv,)U,V,):(uu, eE, v, =v,)orvyv, eE,,u, =u,)}

i=1,i#2

It follows that L3J EG,® G,)=E G, =G,)

i=1,i =2

3
Hence U G,® G,)=G,xG,. O

i=1,i =2

3.2 Theorem: If G, and G, are two simple and connected graphs, then

3
U G,®, G,)=G,*G,
i=0,i 22

Proof: We have
CJ V (G, ®, G,)=V, =V,

As o
EG,®,G,) ={,v,)U,v,):uu, eE, vy, €E},
EG,®,G,)={WU,v)U,V,):uu, eE, v, =v,},
EG,®,G,) ={U,v,)U,V,)vy, €E,u, =u,}.
s uu,eE, vy, eE,
Then U EG,®, G,)=U,v,)U,V,):juu, cE. v, =V,
1oz vy, eE,,u, =u,.
It follows that O E@G,® G,)=E @G, *G,)
Hence h

3
U G.®,G,)=G,*G,. O

i=0,i#2

3.3 Theorem: If G, and G, are two simple and connected graphs, then

3
UG, ® G,) =G, -G,
i=1

3
Proof:We have LYV G, ® G,)=V,xv,

i=0
As EG,®,G,) ={U,v,)U,V,):uu, eE, vy, eE.},
EG,®,G,) ={Uu,v,)U,Vv,):uu, ek, v, =v,}
EG,®,G,)={u,v,)u,Vv,):uu, eE, vy, eE;},
EG,®,G,) ={U,.v,))U,.v,) vy, €E,u; =u,}.
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uu,eE,vyv, €E,

3 E,v,=Vv
Then EG.® G.)=(U.V uv:uluze vt 2
iL:Jo ( 1 i 2) (1’ 1)( 27 2) U1U2€E1,V1V2€E§
vy, eE,,u =u,.
3
It follows that LEG,® G,)=EG,-G,)
i=0
Hence

CJ(Gl D, G,)=G, -G,. [1
3.4 Theorem: If G, and G, are two simple and connected graphs, then

5
U G.,® G,) =G, &G,

i=1,i =4

Proof:We have UV @, ®, G,) =V, =V,
As E@G,®,G,)={U,Vv,)U,Vv,):uu, eE, v, =v,},

E@G,®,G,)={(u,Vv,)Uu,V,):uu,cE,vyv, eE;},

EG,®;,G,) ={U,v,)U,.v,) vy, €E,u, =u,},

EG,®,G,)={U,v,)U,V,):uu, eE; vy, €E,}.
uu, ek, v, =v,

5 uu,eE.vv, eE:
Then U E(G1®i GZ):(ul’Vl)(UZ’VZ): e ' li ’
i=Lix4 vy, eE,u =u,
uu,eEf vy, eE,.
5
It follows that U EG.,® G,)=E@G,®G,)
i=1,i#4
5
Hence G,® G,)=G,®G,. O

i=1i=4

3.5 Theorem: 1f G, and G, are two simple and connected graphs, then

5
U G, ® G,)=G,VvG,

i=0,i 24

Proof:We have O V (G, ® G,) =V, <V

As E@G,®,G,)={u,v,)Uu,Vv,):uu,eE vy, cE,}
EG,®,G,)={U,v)u,Vv,):uu, eE, v, =v,},
EG,®,G,)={u,v,)u,Vv,):uu,eE vy, cE;},
EG,®,G,) ={,v,)U,V,):vy, eE,u, =u,},
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EG,®,G,) ={Uu,v,)U,V,):uu, eEf vy, eE.}.

uu,eE vy, ek,
. uu, ek, v, =v,
Then U EG,®,G,)=U,Vv,)u,Vv,):quu,eE, vy, €E,

i=0,i#4 -
Vy, ek, U =u,

c
uu,eE; vy, ek,
5

It follows that U EG,® G,)=E@G,VvG,)
i=0,i 24
5
Hence U G.,®,G,)=G,vG,. O
i=0,i #4

4. Some Remarks on new product operations

In this section, we provide some remarks on new product operations.

4.1 Remark: Any classic product operation can be deduced from our new product
operations
Proof:By definition 1.1 and definition 1.3, we have

@) G.xG,= Ui3=1,i¢2(Gl ®; G,)
@ G,*G,=J.,, .G ® G,)
(B) GG, = U?zO(Gl ®, G,)

5

@ G,96G,=J, (6,® G,

©) G,vG,=lJ,.(6.®GC,)

4.2.Remark: Any operation of new product operations can be generated from
only zero and first product operations.
Proof: By Lemma 2.1 and Theorems (3.1-3.5), we get

(1) Gl ®3GZ :GZ ®lel
2) G,®,G,=G; ¥ G,
3) G.®;G, =G, ®GC,
(4) Gl ®GGZ :Gf ®lGZ
(®) G,®,G, =G, ®G,
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4.3 Corollary: Any classicproduct operation can be generated from only zero and
first product operations.
Proof:By Remark 4.1 and Remark 4.2, we get

(1) G,xG,=(G,®,G,)u(G,®,6,)

2) G,*G,=(6,8,G,)u(G,®,G,)uG,8,6,)

() GG, =(G,8,G,)U(G,®,G,)u(G,®,G;)u,®G)

(4) G,®G,=G,®,6G,)u(G,8,G,)uG,®,G,)uG, ®,G,)

(5) G,vG,=(6,8,6,)UG,®,6,)uG,8,6)uG,®,6,)uG: ®,G,)
4.4 Remark : Fori,je€{01,..,7}

E(G1 ®i GZ)mE(Gl®j Gz) =¢  where i = j
Proof:To prove that we use truth tables, we assume that
(P =uy, €E)), (@ =u; =U,), (s =vy, €E,),(t =v, =V,)

We obtain (2 =16) possibilities in the truth table,
Table (1): Truth Table

P 9 S t

1 — —

uu, €, ju,=u, |vy, ek, |v, =V,
2

uu, ek, lu,=u, (vy,ek, |v,#vVv,
3 —

uu, ek, lu,=u, |(vy,eE, |v, =V,
4 _

uu, ek, |u,=u, |(vy,eE, |v,#V,
5 —

uu, e, lu,#u, (vyv,ek, |v,=vVv,
6

uu, e, lu,#u, (vyv,ek, |v,#Vv,
7 _

uu, ek, |u,#u, (vy,eE, |v, =V,
8

uu, ek, (u,=u, (vy,ekE, |v,#Vv,
9 — —

uu, ¢, ju,=u, |vy, ek, |v, =V,
10

uu, ¢, lu,=u, |(vy,ek, |v,#vVv,
H uu, €€, fu,=u, |vy,¢E, v, =V,
12 —

ulungl ul_ 2 V:I.V2¢E2 V1¢V2
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P q S t
Bluu,¢E, |u, #u, |vy,ecE, |v,=V,
Yluu, ¢E, |u, #u, |vy,eE, |V, =V,
Bluu, ¢E, |u, #u, vy, ¢E, |v,=V,
©¥luu, ¢E, |u, #u, vy, eE, |V, =V,

We omit eight cases, because of impossible probabilities for instant, the first
case is cancelled, because there is no edge in simple graphs of the type

(uu, €E, :u; =u,). Similarly we omit the cases two, three, four, five, nine and
thirteen. For the same result, we omit the eleven case there leads to a trivial graph.

Consequently, we obtain eight different cases, that we illustrate in table (2).

Table (2): Real Truth

p q S t
1|luu,eE, |u =u, |vy,eE, |v,=V,
2 luu,eE; |u,=u, |vy,gE, |v,=V,
3luu,eE; |u,#u, |vy,gE, |v, =V,
4 luu, ¢E, |u,=u, |vy,eE, |v,=#V,
Sluu,¢E, |u,=u, |vy,gE, |v,#V,
6 luu,¢E, |u,#u, |vyv,eE, |v,=#V,
7 luu,¢E, |u,#u, |vy,gE, |v,=V,
8 luyu, ¢E, |u,#u, |vyv,gE, |v,#V,

Therefore, the table (3) ensures that the edges sets E (G, ®; G,),i €{0,1,...,7}

are mutually disjoint pairwise
Table (3): Edges Sets of New Operations

G, ®, G, E (G, ® G,) E(G,®, G,)
G,®, G, |uu,eE,, vyv,eE, | 29, 9,
G, ® G, |uu, eE;, v, =V, P, A9,

Journal of Science & Technology

Vol. (21) No. (1) 2016
DOI: 10.20428/JST.21.1.7

87



http://dx.doi.org/10.20428/JST.21.1.7

New Product Binary Operations on Graphs

G,®, G, E(G,® G,) E(G,® G,)|
G, ®,G, |luu, €E,, vy, cE; 29, 9z
G, ®; G, |u =u,, vy, eE, P. d->
G, ®,G, |u =u, vyv,eE; P, d:

G, ® G, |luu,eE], vy, eE, | 295 g,

G, ® G, luu, €E;, v, =V, P-As

G, ®,G, | uu, esE;, vyv,cE; | 29y q;
Hence, for i, j €{0,1,...,7}

EG,® G,)NEG,®;G,)=¢ where
4.5 Remark: The new product operations generates exactly 255 different operations.

Proof: We have already seen that the classic operations can be generated by our new
product operations. In fact, we can obtain many other operations by combinations of
the new product operations (exactly 255), since

8
>CP=2°-1=255 O
r=1

4.6 Remark:The union of the graphs that result from all new product operations
provide the complete graph

Proof:Let G, and G, be two graphs, we have to show that
Uc, ® 6. = K,,,
where [V (G,)|= p, and [V G,)|= p,
By Definition 1.3 we have , (LiJ(Gl ®, G,)) = L7J(G1 ®, G,) =V, <V,

From the table (3), we can write

uu,eE;vyv, eE,
uu, ekE;,v, =v,
uu, e E,vyv, eE;
E (UG, ®, 6.0 = W)U, v )iy b e = fe e
uu,eEf vy, eE,
uu, e E7 v, =v,

uu, eEf vy, eEj;.

It follows that = (!;J(Gl S, G. N =E®, )
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Moreover by Lemma 2.1, we get 7
v (U(Gl D, G I=IVL I =<IVL |= PiPs-

And by Lemma 2.2, we get
| E (U::O(Gl ®i Gz)) |: 2Q1QZ +Pa; + pzqu — P _2q1C|2 + P9

1 1
+5(plp§ — PP, —2p,a,) + pd, — P,d, — 20,0, +E(p2pf —Pp.P, —2p,a,)

1
+5(PYPZ = PPz = PaP: + PiP2) +(Pd; + PGy — Pid, — P20, +20,0,)
_ 2 1 2 1
- 2q1q2 + P4, + P24, — P4y _2q1Q2 +PpQa, +E PP, _E PP, — PA;
2 _ _ 1 2 _ 1 _ 1 2 2
+P:14: [SFLS P 2q1q2 +§ Pi P2 Eplpz p2q1+5 Pi P2

_1 2 _1 2 1 _ n2 _ Nh2 2
Epl P, Ep1p2+§ PPz + P24; + P P14, P24, + cth)

= 2(PIPZ = PiP) = (B7) = E (K, ) |
7
Therefore 1E (UG, ® G NIFIE (K, )]
i=0
Hence UG, ® G,)=K,, . O

i=0
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